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Abstract. This note constructs completely integrablc convex Hamiltonians 
on the cotangent bundle of certain T*^ bundles over T'. A central role is played 
by the Lax representation of a Bogoyavlenskij-Toda lattice. The classifica- 
tion of these systems, up to iso-energetic topological conjugacy, is related to 
the classification of abelian groups of Anosov toral automorphisms by their 
topological entropy function. 



1. Introduction 

Say that a smooth flow lyS : M x R — > M is integrable if there is an open dense 
subset L C M such that L is fibred by 6-dimensional tori and the smooth bundle 
coordinate charts (/, (f) : U ^ D" x T'' conjugate ip to a. smooth translation- 
type flow t ■ (I, (p) = {I,(l> + t^{I)) on the fibres of L. This local form, classically 
known as action-angle coordinates, suggests that integrable flows are dynamically 
uninteresting. The example of the geodesic flow of a compact 3-dimensional Sol 
manifold which is completely integrable and has positive topological entropy, due 
to Bolsinov and Taimanov [6], is proof that this is not the case. The present 
paper generalises the examples of [51 111]. First, it shows how to construct inte- 
grable convex hamiltonian systems on cotangent bundles of certain solmanifolds 
in higher dimensions that are analogues to the Sol geometric 3-manifolds when 
the monodromy group is not R-split; second, it shows that Lax representations 
of Bogoyavlenskij-Toda lattices are essential to construct these integrable systems, 
and moreover, the double-bracket Lax representations are essential to understand 
the dynamics on the singular set; third, the Lax map of a Bogoyavlenskij-Toda 
lattice and the 'momentum map' of a natural J^-structure on the solmanifold form 
a dual pair; and, finally, the topological classification of these integrable systems 
can be resolved by classifying abelian groups of Anosov toral automorphisms by 
the topological entropy function. 

This appears to be a novel and interesting phenomenon: the construction of these 
integrable systems uses the machinery of Lax representations and R-matrices, while 
their dynamical classification uses machinery developed to understand hyperbolic 
dynamical systems. 

Let us now sketch the constructions and results of the present paper. 

1.1. The 5oZ-manifolds. Let A be a torsion- free, abelian group of diffeomor- 
phisms of T^. The group A acts on T'' x Ar, where = A ®z K, via the diagonal 
action 

Va e A,y e T^a; e : a ★ (y, cc) := (a(y), a; + a (g) 1). (1.1) 

This action is free and proper. The compact, smooth quotient is denoted by S or 
Ha- The fibring of E by the tori equips E with a natural J-"-structure. 

Henceforth it is assumed that A < GL{b; Z) is an abelian group of semi-simple 
elements, hence contained in a Cartan subgroup of GL(6;C), and therefore an 



Date: July 16, 2010. 



1 



2 



LEO T. BUTLER 



exponential subgroup of GL(6; C). When A is an exponential subgroup of GL(6; C), 
the universal cover E of S admits the structure of a solvable Lie group as follows: 
When A is an exponential subgroup of GL(&; C), is naturally identified with an 
abelian subgroup of GL(6;R). From this, there is a natural Lie group structure on 
Rb ★ Ar =: S and Z'' * A Sz is a lattice subgroup of S, c.f. \2.'2\ In the general 
case, A contains a finite-index exponential subgroup A2 [Ml Theorem 4.28]. The 
finite covering E2 of E induced by A2 has a universal cover with a solvable Lie 
group structure; in this case, the fundamental group of E need not embed as a 
subgroup in this universal cover, although it does act as a free and proper group 
of deck transformations [261 pp.s 70-71]. An elementary argument shows that if F 
is a finite group of deck transformations and ip is an integrable flow on M that is 
F-invariant, then the induced flow on M/T is integrable, also. So, to simplify the 
discussion in this introduction, without losing generality, it will be assumed that A 
is an exponential subgroup of GL(&; C). 

1.2. Integrable geodesic flows. Let yi be coordinates on C" which diagonalise 
A. Define complex-valued differential 1-forms on E by 

i^i = eyi-p{- {£i,x)) dyi, and 7]^ ^ dxi (1.2) 

where £i € Hom(y4.R;R) is the linear form which maps x € Ar to the logarithm of 
the modulus of its i-th eigenvalue and Xi = {£i,x). A riemannian metric on E can 
be defined by 

g = Qij Ui-Uj + 'S2 R^-j Vi-Vj + y2- -^^1 ■ ^^-^"^ 

'^:J '^:J ^^J 

where Q, R and S are constant, complex symmetric matrices chosen so that g is a 
real, symmetric, positive-definite (0, 2)-tensor. The metric g is the general form of 
a left-invariant metric on S = M^'t^Ar. When the off-diagonal term S vanishes, the 
subgroups M!' and Ar are orthogonal, totally geodesic and flat. By left-invariance 
of g, each left translate of these two subgroups share these properties. 

Question A. Which metrics g have a completely integrable geodesic flow? 

Some answers are known. The examples of Bolsinov and Taimanov shows that 
when A is a cyclic group, then the geodesic flow is completely integrable for g with 
S' = and Q, R arbitrary IHIIZ]. The present author showed that when A has rank 
b — 1 (so A is M-split), Qij = Sije^, i? is of a special form and 5 = 0, then the 
geodesic flow is completely integrable. To explain the special form of R, write the 
Hamiltonian of g in canonical coordinates: 

2ifg = y^. QV exp((£, V..ff-'" p^^p,^, (1.4) 

where ~ Q*-* Py^Py^ (no sum). Because yi is a cyclic variable, Py^ is a first 
integral. iJg reduces to a family of Bogoyavlenskij-Toda-like Hamiltonians in the 
canonical variables {x^px)- If one diagonalises Q, then the complete integrability 
of the Bogoyavlenskij-Toda Hamiltonian dictates the form of R. The introduction 
of [TT] has an explicit exampleQ The work of Adler & Van Moerebeke and Kozlov 
& Treschcv suggests that when 5 = the only completely integrable Hamiltonians 
i?g arise from Bogoyavlenskij-Toda lattices or their deformations [31 [531 [22 ■ 

The preceding argument glosses over a subtlety: the cyclic variables Py^ are 
defined only on the universal cover. In the above cases, one can construct smooth 
integrals that descend to the quotient; this is true in general, but the difficulty lies 
in choosing R. This is related to Lax representations. 

^This is also referred to as the Toda lattiee or the Kostant-Toda lattice, but Kostant in |21| 
attributes to Bogoyavlenskij [1] the recognition of the role played by root systems of semisimple 
Lie algebras. 
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1.3. Lax Representations and momentum maps. On the covering E = T*" x 
Ar, there is the obvious free action of T^. This induces an J^-structure on E, which 
one may think of as a locally-defined free action of T**. The momentum map / of 
the T''-action induces a map / by equivariance, as illustrated in the right-hand side 
of (O): 



11% 



f 



Lic(T'')* 



(1.5) 



(mod A) 



■Lic(T^)7A 



(mod 



coll. 



Lic(T'')7 



Lie(T'')*/A is neither a smooth manifold nor a Hausdorff space but it does contain 
an open and dense subspace that is a smooth manifold. One can collapse the 
smg ular set of Lic(T'')7^ to a single point to define a Hausdorff topological space 
Lie(T'')*/ ~, which is a smooth manifold outside of a single point, as illustrated in 
figure [1] Since the collapse is A- invariant, the map / is defined naturally. The map 
/ is a first integral of Hg and one can loosely think of / as the momentum map of 
the locally-defined T'' action on r*E. 






regular orbits 



reduced space: Lie(T'')*/ 




mod 



ingular orbits 




unreduced space: Lie(T'')* 



Figure 1. The quotient map from Lie(T'')* Lie(T'')7 ~. 
The regular points are points with a non-zero component in each 
eigenspace of A; the singular set is the complement. 



On the left of (jl.Sp is a map L, called a Lax matrix, that is implicit in the 
identification of Hg with a Bogoyavlenskij-Toda Hamiltonian. The construction of 
a Poisson Lax map that Poisson commutes with / is the key difficulty in proving 
the complete integrability of Hg. 

Question B. What conditions on A imply the existence of a Poisson Lax map L 
such that the T'^ -momentum map f and L form a dual pair? 

Implicit in the two papers of Bolsinov and Taimanov is the fact that if A is cyclic, 
then this question is trivially soluble. In [TTl p. 529], the present author shows that 
there is a Poisson map that Poisson commutes with the T^-momentum map / when 
A < GL{b; Z) is R-split and of finite index in its centraliser (the relation to Lax 
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maps is hinted at in the remark on p. 529]). To generalise that construction, 
it appears necessary to use the machinery of Lax representations. 

1.3.1. Positive topological entropy. The geodesic flow of g 
must have positive topological entropy, since 7ri(E) has ex- 
ponential word growth [T3]. When 5 = 0, there is a direct 
proof of this: since Ar is flat and totally geodesic in S, as 
are all its left- translates, each curve t n- y for v e Ar, 
y G IR'' is a geodesic. On S, for v & A, the geodesic is 
periodic and one sees that the geodesic flow induces the re- 
turn map on defined hy y t-^ v ■ y - which is a partially 
hyperbolic, and generally Anosov, automorphism of T*" (see 
figure [2). 

The appearance of such 'subsystems' heavily constrains 
the topological conjugacy class of a completely integrable 
geodesic fiow of the form of g. 

1.4. Results. Let us sketch the main theorems of this paper. 
1.4.1. Complete integrability. 

Definition 1. A torsion-free abelian subgroup A < GL(5;Z) is maximal if its 

elements are semisimple and it is of finite index in its centraliser. 

Theorem 1. If A < GL(6;Z) is a maximal subgroup, then there is a Poisson Lax 
map L such that 11. 5\) describes a dual pair, see |3. J^[ ). In particular, there is a 
reversible Finsler metric on T,a whose geodesic flow is completely integrable. 

If, in addition, an irreducible element in A has exactly r real eigenvalues and 
2c non-real eigenvalues, then the geodesic flow of the riemannian metric g il.S\) is 
completely integrable when its Hamiltonian is defined as in \3.16\) with root system 
0*-™' in the cases described by Table\^ 

In all cases, the singular set is a real-analytic variety. Consequently, the inte- 
grable systems are semi-simple in the sense of [lOj . 



r c 


r c 0(™) 


* An ^ , -Djj^]^ 

* A^n, ^ , Z)^^]^ 

1 * A^^l 


2 1 

2 * Bn ^ , Cn 

•J * ^2n-l 
4 * DI'^ 



Table 1. Conditions on eigenvalues and root systems which pro- 
duce a riemannian metric with integrable geodesic flow (* is an 
arbitrary positive integer). 




T*" X T'' XV 



Figure 2. A return 
map. 



The first row in the upper left corner of the table summarises the result of |11| . 
In the cases not covered in the table, it is uncertain if admits a riemannian 
metric with completely integrable geodesic flow - the construction here yields only 
completely integrable geodesic flows of reversible Finslers. If not, one would have 
the first example of a compact smooth manifold that admits a completely integrable 
reversible Finsler, but not a riemannian, geodesic flow. 
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1.4.2. Topological Entropy and Iso-energetic Topological Conjugacy. The tangent 
spaces to the T''-fibres of S form a sub-bundle V C TE. Let C T*S be the 
annihilator of V. The subspace V*'- is invariant under the geodesic flow of Theorem 
[1] and that geodesic flow has positive topological entropy on . We prove 

Theorem 2. Let S = "Ea be as in Theorem]^ and let ip be the Hamiltonian flow 
on T*Y, induced by the Hamiltonian H defined in hS.lb]) . Then 

(1) is a weakly normally hyperbolic invariant manifold. Its stable and un- 
stable manifolds coincide and equal the pre-image of the equivalence class 
of in Lie(T'')*/ ^ under the -momentum map f; 

(2) the topological entropy o/(p|H^^(i) equals that of (p\V-^ nH^^(i), when 

H is induced by the An'' Bogoyavlenskij-Toda lattice; 

(3) in all cases, the topological entropy of f\'V^ H fl^^{^) is calculable (see 
Table\^. 

The construction of the Lax map in theorem [T] is unique up to the action of a 
permutation group. If 4>i,4>2 are two such permutations and (pi,(p2 are the result- 
ing geodesic flows, an interesting question is whether these flows are topologically 
distinct. A topological invariant, namely the marked homology spectrum, does 
distinguish these flows in many cases even when topological entropy cannot. To 
explain, let 

h(i;) = htop{v) h : yl ^ M (1.6) 

be the entropy function, where v ^ A \s viewed as a T^'-automorphism. 

Theorem 3. If there is a topological conjugacy oftpi,ip2 on their respective unit 
sphere bundles, then there is an automorphism f: A ^ A such that 

hof=h. (1.7) 

// the number-theoretic closure of A is a group of Anosov automorphisms, then f is 
induced by a Galois automorphism. 

In many cases, the group of Galois automorphisms is trivial, which implies that 
each of the constructed Hamiltonian flows must be topologically non-conjugate. In 
general, one should not expect the number-theoretic closure of A to be a group of 
Anosov automorphisms, though. 

Question C. Which automorphisms of A fix the entropy function h? 

This leads to a further question, whose formulation is somewhat technical and 
is deferred to section [3 question [F] Finally, theorem 17.31 provides information on 
the number of distinct topological conjugacy classes of intcgrable Hamiltonian flows 
provided by theorem [T] 

Question [C] is a rigidity question: to what extent does the entropy of an action 
determine that action. An approach to this question is to ask which embeddings 
of Z° = A into GL(6; Z) have equal entropies. Katok, Katok and Schmidt give 
examples of iso-entropic actions of on T'^ by maximal subgroups of GL(3;Z) 
that are conjugate in GL(3;Q) but not conjugate in GL(3;Z) [5D]. However, the 
suspension manifolds of these actions are not homotopy equivalent. Indeed, if 
A' < GL(6;Z) is not conjugate to A in GL(6;Z), then 7ri(E^/) is not isomorphic to 
7ri(E/i). Thus, question [Cl is somewhat finer than the iso-entropic rigidity problem 
examined in |20| . 
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1.5. Two additional questions. Let S be a torus bundle over a torus of the 
type described in section 11.11 S is aspherical and the fundamental group of E is 
a poly-Z group0, so Theorem 15B.1 of [29] implies that 7ri(I]) determines S up 
to homeomorphism. The standard smooth structure on E is defined by the above 
construction. In general, the topological manifold E may admit several inequivalent 
smooth structures. 

Question D. Which smooth structures on the topological manifold E admit a rie- 
mannian or Finsler metric whose geodesic flow is completely integrable? 

This question is already quite interesting when A = 1 and E is a torus since 
[T^ shows that the integrals cannot all be real-analytic if the smooth structure is 
non-standard. It is unknown if there are analogous obstructions when A ^ 1. 

And, finally. 

Question E. What conditions on A < GL(6; Z) imply that E^i admits a riemann- 
ian or Finsler metric whose geodesic flow is completely integrable ? 

Theorem 14.11 shows that there are natural examples of groups A that arc not 
maximal, yet T,a admits a completely integrable Finsler. These examples are con- 
structed using symmetries provided by number-theoretic considerations. The diffi- 
culty in the general case, where there are no obvious symmetries, is the construction 
of the Lax map L appears to break down. 

2. Notation and Preliminary Definitions 

2.1. Integrability. The present paper's definition of complete intcgrability follows 
that of [5j[n]. 

Let E be a real-analytic manifold. The set of smooth functions on the cotangent 
bundle of E, C°°(T*E), has two canonical algebraic structures: it is an abelian 
algebra when equipped with the natural operations of point- wise addition and mul- 
tiplication; and, coupled with the canonical Poisson bracket, {, }, (C°°(T*E), {, }) is 
a Lie algebra of derivations of the algebra C°°(r*E). A hamiltonian H e C°°(T*E) 
induces a vector field Yh := {,H]. For A C C°°(T*E) and P e T*E, let 
dAp = span{<i/p : f A] and let Z{A) = {f c A : {AJ) = 0}. Let 
k = suppdimd^p, / = supp dim (iZ(^)p. Let us say P G T*E is ^-ref^wZar if there 
exist fi, ■ ■ ■ , fk G A such that P is a regular value for the map F ~ (/i, . . . , J^) 
and /i, . . . , /; G Z{A); if P is not ^-regular then it is A- critical. Let L{A) be the 
set of v4-regular points. H is assumed to be proper. 

Definition 2 (c./. |5])- F[ G C°°(T*E) is integrable if there is a Lie subalgebra 
Ac C°°(r*E) such that: 

(1) H G Z{A); 

(2) k + I — dimr*E and L{A) is an open and dense subset of T*Y,. 
If k ~ I ~ dimY,, we will say that H is completely integrable. 

Bolsinov and Jovanovic [5] introduced this definition of complete integrability. 
The standard definition of complete integrability (resp. non-commutative integra- 
bility) are special cases of Definition [5] with A = span {fi, ■ ■ ■ , fk} and I = k (resp. 
I < k) and the regular-point set of P = (/i, . . . , fk) is dense. Definition [5] is both 
more intrinsic, and more suited to the examples of the present paper. Note that the 
present definition of integrability is equivalent to that of Dazord & Dclzant [13| . 



^That is, there is a sequence of subgroups = Dm<lDm— !<■ ■ -^Do = D such that Di/Di_|_i = Z 
for all i. 
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2.2. Construction of the solmanifolds and number theory. There is a well- 
known correspondence between abelian subgroups of GL(6;Z) and groups of units 
in algebraic number fields of degree d dividing b |20| . The present paper exploits 
this correspondence extensively. The following section establishes notation that 
is used throughout. In terms of the terminology in the introduction, we use the 
following translation table: 

abelian A < GL(5;Z) — ^ a group of units in the field generated by the 

eigenvalues of all a G ^; 
Z** — > a direct sum of copies of a subgroup of the 

integers of a number field. 

2.2.1. Preliminaries. Let 

QCF CE 

be an inclusion of algebraic number fields. For a field extension E/F let the set of 
embeddings of E into C which fix F be denoted by Ge/f', we adopt the convention 
/Q is omitted. Define vector spaces 

We= J2 (2.1) 

and 

YE = {xe^E ■■ = 5. VfT € }, (2.2) 

where ~ denotes complex conjugation and a is the embedding a followed by complex 
conjugation. We also define 

Vo,B = {x e Vb : ^ = 0, & a^, = V(T e Gb }. (2.3) 

aeGE 

Ge is a basis of which induces the dual basis G^ of V|j. An element in the 
dual basis shall be denoted by for cr e G^. The basis and dual basis establish a 
linear isomorphism between Ye and which shall be denoted by the circumflex 
operator, V^; — >■ : x ^ whose inverse is — ^ : x h- > i. 

One obtains a basis of V* ^ as follows: note that t = \Ge\ So-gGb ^ — (t 

vanish on \o,E for all cr G G^;. If one defines G^ to be the set of real embeddings 
of E and G|; to be one-half of the non-real embeddings such that G% is disjoint 
from its complex conjugate, then one observes that 

Y^^E = K • t e Yl ^ ■ ("^ 

where = G^ U G|. 

i 

The inclusion F d E induces 

Ye — '-^Yp where i-*{<y) = cr|F, 
and — ^Y*p where L{f) = E] ^■ 

(T6Ge ,dr|ir=T 

Finally, define a map ° » V*^^ by 



(2.4) 



a = ]* L* , (T I— )■ f|y where r = (t|b. 



(2.6) 
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J* is the adjoint of the inclusion map Vo,f C Yf and t* = "l*'. This 
define a pairing between and Vo,f, denoted as follows 

{a,x) := (a((T),a;) Vcr e G^, a; G Vq^f, 
= {t,x) where t = ct|f- 

Since x = X^tgGf '^i' ' apparent that 

((7, x) = Vcr e Gf, x e Vo,f, 

so the notation is natural. 

2.3. An embedding of Oe in Ve- Let Oe be the ring of integers of E, and let 
Ue the group of multiplicative units of Of- Define a map r/ : Of ^ Vf by 

r/(a) := ^ a{a) ■ a, (2.9) 

creGE 

for each a £ Oe- 

Lemma 2.1. The map rj is an embedding whose image — call it Nf — is a discrete, 
cocompact subgroup o/Vf- 

Proof. This is standard. □ 

Let Tf = Vf/Nf be the resulting torus. Tf is equipped with a canonical affine 
structure from Vf and the group Ue acts by automorphisms of Tf defined by 

u-y= '^("^ ■ ■ ^ + (2.10) 

where y = J^aeGs • cr + Nf is an element in Tf and u G Ue- The action 
in (j2.10p is well-defined since Nf is mapped to itself by Ue- A fortiori, equation 
(|2.10p also defines an action of Ue C Ue as an abelian group of automorphisms of 
Tf. 

2.4. An embedding of Up in Yo,f- Define a map £ : Ue Vf by 

e{u) = ln|cr(w)| • cr. (2.11) 

creGj? 

Since a is cr followed by complex conjugation, it is clear that £,p =: imi C Vo,f- 
Dirichlet's theorem on the group of units of an algebraic number field characterises 
the image of £ as a discrete, cocompact subgroup of Vo,f, while ker^ =: TZf is the 
set of units all of whose conjugates lie on the unit circle. Stated otherwise, there is 
an unnatural splitting of Ue via a commutative diagram 

TZe'^ ^Ue ^Ue/TIf—^ — ^£f: 



He^ ^ TZf®U+ ^ U+ ^ z'-+=-i, 

where r (rcsp. 2c) is the number of real (resp. non-real) cmbeddings of F. When 
F has a real embedding, which one may take to be the identity embedding F G C, 
then TZf = {±1} and Up may be taken to be the multiplicative group of positive 
units in Ue — hence the notation. To summarise 

Lemma 2.2. The image of the map £ : Up — > Vq.f — call it £,p — is a discrete, 
cocompact subgroup of Vo.F isomorphic to Up . 



allows one to 
(2.7) 

(2.8) 
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2.5. An action of on x Vq.f- For y e T^, x e Vo,f and u G Up define 



u ■ (y,x) := (u ■ y,x + i{u)). 



(2.12) 



This action is clearly free and proper. Let E denote the compact manifold obtained 
by quotienting x Vq.f by this action oiUp. 

Lemma 2.3. There is a commutative diagram of natural maps 

Ye X Vo,F ^ Tf X Vo,F ^ (Tf x Vo,f)/U+ 

(2.13) 



Therefore, 7ri(E) is naturally isomorphic to the semi-direct product A = Up -k Oe , 
while there is a natural fibring of S by tori over a torus 



-o,F, 



where Tq.f — ^o,f/^f- 

Proof. Naturality of the construction implies the lemma. 



(2.14) 



□ 



2.6. The cotangent bundle T*E. The vector space structures on Vf and Vo,f 
give a tautological trivialisation of their cotangent bundles. Lemma 12.31 therefore 
implies that there is a commutative diagram 



X Vf X VI p X Vo 



. X Tf X V* ^ X Vo,F 



(V^ X Tf X V;^ X Vo^f)/U^ 



T*t ^ T*± ^ T*T., 

(2.15) 

where 11 is the covering map induced by tt, etc. Let us introduce coordinates on 
r*E by 

PeT*t ^ P = iY,y + Ne,X,x) eY*E xTe xYIp xYo,F- 

The action of Up on T*E is the natural lift of the action on E 

w-P = (u- Y,ii-y + NF,X,x + £(w)) (2.16) 

where u • y is defined in equation (|2.10p and u - Y — J^aeGE ' '-'^(")^^ ' ^ 
induced contragredient action. 

2.7. Functions on r*E. The function P n- X is Z^j^T-invariant, so one may view X 
as a submersion r*E ^ V* ^. 

Fix a positive integer b^- for each cr G Gf and define the function 

7.(P) exp(6, • (,t,x)) x \Y,f' (2.17) 

where the pairing ((T,x) is defined in equation ()2.7p . 

Lemma 2.4. The function 7^ is Up-invariant and it is real-analytic if ba is even. 

Proof. From equation (|2.16p . we know that for each u G Up 

7,(u-P)=7,(P)xexp(5,ln|a(u)|)x \a{u)\-''' ^-f„{P). (2.18) 

It is clear that exp(5cr • (<t,x)) is real-analytic, and |Y(j|^'' is real-analytic if 5^ is a 
positive even integer. □ 
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Remark 2.1. Fix even integers ba- as in lemma One may define a momentum- 
like map A : T*I] ^ V* ^ ® Y*e by 

A(P) =X© ^ 7<,(P) -a, VPer*S]. (2.19) 

uGGe 

When the universal cover E of E admits the structure of a solvable Lie group with 
A as a lattice subgroup, V* ^ ® - as the dual of a Lie algebra - admits a 
canonical Poisson structure. In this case, the map A is left-invariant and Poisson 
and therefore mimics the properties of the classical momentum map. 

3. Lax Representations 

3.1. Real split afRne Lie algebras. Let us briefly recall the construction underly- 
ing the Lax representation of periodic Bogoyavlenskij-Toda lattices. This discussion 
follows that in [37J[T1[2]. Let g be a simple real Lie algebra with the real split Cartan 
sub- algebra [); g is also known as the real normal form of the simple complex Lie 
algebra g (g) C. The Cartan-Killing form of g is denoted by ((,)) when viewed as 
a bilinear form on g, and it is denoted by k when viewed as a linear isomorphism 
of g with g*. Recall that ((,)) is non-degenerate on f). As is a real split Cartan 
sub-algebra, g decomposes as 

re*. 

where "I** C [)* is the set of roots and g,. is the root space associated with r, 
gr = {a; G g : a,dhX = {r, h) x V/i € [}}. There is a set of simple roots C ^* 
such that every root is an integer linear combination of the roots in with entirely 
non-negative or non-positive coefficients. The height of a root is the sum of these 
coefficients; there is a unique root, 77, of minimal height. Let ^ be U {77} . 

Define C to be the set of Laurent polynomials in the variable A with coefficients 
in g; C inherits an obvious Lie algebra structure. Let d = A ^ be a derivation; 
define [d, x ■ A"] = • A" for all integers n and a; g g. Then g = £-|-R-disa real 
split Lie algebra with Cartan sub-algebra [} = f) -I- M • d. The Cartan sub-algebra 
induces a weight-space decomposition of C as 

C = \)+^ (3.2) 

re** 

where = {r e f^* : r||, e U {0}, (r,d) £ Z,r 7^ o}. The weight set has a 

basis of simple weights 'S' = ^1* U where Tyj,^ = 77 and (?j, d) = 1. Each r S 'J'* is 
an integer linear combination of roots in ^ . By defining the height of r as the sum 
of these coefficients one obtains the principal grading 

L = Y,C^, (3.3) 

nez 

where £0 = f), = Z]ht(r)=n '^r otherwise, and [£„,£,„] C £,„+„ for all m,n. It 
is observed that 

/:±i=0r,A±i + ^g±, = ^M-e±r (3.4) 

re* re* 

the same sign appearing throughout, and Cr is a vector normalised so that 

K ■ [er,e_r] G \l/o- The sub-algebras C+ = '}2n>o^n-,C^ = Hn<i3^n permit the 

definition of a second Lie algebra structure on £, defined by 

[x, y\R ■■= [x+,y+] - [x-,y-] (3.5) 

for X = + x+,y ~ + y-f- G £_ ® £+. The Cartan-Killing form k allows one 
to identify £* = £_„ for all n, in such a way that K{e,.) = e_r or ((er,e_s)) = 6r.s- 
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where r ^ rj,^ and n = (r, d) for all roots r g 4^, so 



Indeed, note that er = e^ • A 
it suffices to find a suitable basis of g in order to define the vectors e 
knows that 



One also 



C* is a Poisson 



□ 



Lemma 3.1. For each /i G C'^i, the affine subspace /i + £q 
subspace of C)^. The Casimirs of C* are in involution on C*j^. 

Proof. See references [571 11] • 

3.2. A second splitting. Let qC = \} + X^re* K • e^, a sub-algebra of the loop 
algebra C on which the Cartan-Killing form is non-degenerate. One can distinguish 
two sub-algebras ()L± such that qC = qL- ® qL+ as a vector space: 



(Cr 



(3.6) 



where C is the set of positive roots. One can define a grading on both qC± 
by defining the height of a root r G '9+ to be ht(r) = ht(7') -f (1 4- k) (r, d) where 
k is the height of the maximal root of g. With this grading, a basis of qC+i (resp. 
oC-i) is {Cr : r G 'i'} (resp. {cr — e_r : i" G W}) while a basis of oC*+i (resp. 
is {cr + e_r : r G 'S'} (resp. {e_r : r G 'i'})- One therefore knows that qC admits 
an i?-bracket analogous to that defined in (j3.5p and that Lemma 13.11 also holds for 

Remark 3.1. If a is an automorphism of the graded Lie algebra C that fixes t), then 
the fixed point set of a is a sub-algebra that inherits a grading, splitting and a root 
space decomposition from C. The constructions of both subsections 13.11 and 13.21 are 
applicable in this case, too. The automorphism a satisfies a{x ■ A") = a{x) ■ (eA)" 
for all a; G and n, where e is a primitive ordcr(Q;) root of unity. This construction 
yields the so-called twisted loop algebras. The twisted loop algebra is traditionally 
denoted by g*-™-* where m is the order of the automorphism a; when m = 1, one 
has the usual loop algebra £. 

3.3. Examples. Let Q = A2 = sZ(3;M). For f) one can take the sub-algebra of 
trace zero diagonal matrices and for the basis of positive roots of q one can take 
the roots ri and r2 with the minimal root 77: 





"1 





0" 




"0 





' 


ri = 





-1 










1 
























-1 



-10 

1 



(3.7) 



which satisfy the linear relation ri + r2 + 77 = 0. A root r G "J* may be written 
formally as r = ir^ + n where n ~ (r, d) . The height of r is then computed to be 
3n ± 1 for i = 1,2 and 3n ± 2 for i = 3. From this, one can sec that the graded 
pieces of £, as in p.3|) . are £0 = t) and 



^+1 = 



£-1 = 



Aai ai 
Aa2 a2 
Aas Aaa 

A-^ai 

Q!2 



A 









A- 



0-3 



>C+2 = 



£-2 = 



A^ai 
Aai 


A-^ai 


as 



as 
X^a2 
Aq;2 A^aa 

A-^ai 
A~^a2 A~^Q!2 
X-^as 



(3.; 



where a^, ai are real numbers and ^ = 0. 
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The splitting in 
duals are 



0-^-1 



oi qC implies that the root spaces of height ±1 and their 



+1 






"1 











a^X 


— ^2 







ai 













as A 













0^-1 






ai 













a2 




as A 





0_ 







"1 


asA" 


ai 





a2 


as A 


Q!2 






(3.9) 



where the ai are real. 

3.4. Bijections. Assume that F/Q is an algebraic field of degree m with r real 
embeddings and 2c non-real cmbeddings such that r + c = ?i, and that g is a real 
split afhne Lie algebra of rank n — 1. Since B^?, the set of real embeddings of F 
plus one-half the set of complex embeddings of F, has n elements and the simple 
roots of £, '9, have n elements, the sets are isomorphic. 

Definition 3. Let *B be the set of bijections B^? ^. 

Each p € *8 can be extended to a map Gp — > W by p{a) := p{(t) for all tr G B^?. 
This extension shall be understood throughout. 



Additionally, each p € *8 naturally induces a linear isomorphism ( 



V* 



f)*. To define let us recall two things. First, note that the projection ()* -» f)* 
that is dual to the inclusion f) ^ f) induces the bijection '8' = ^: ri-^-r=r||^ 
Second, there are unique positive integers lo^ such that 



re* 



0, 



(3.10) 



For each t E 'Bp, define Ur to be 1 if r is a real embedding; and 2 if not. Then, 
define 

(f>{f\y^^)^n^^iUrr where r = /9(t). (3-11) 

Since f equals f when restricted to Vo,_f, the sole linear dependence relation 



amongst the set | ' 



: r e Bi?| is the relation 
J2 "-^lv„,^ = J2 



Thus, equation p.lO[) implies that (/) extends to a linear isomorphism. 



3.5. Lax representations. Fix p G *8 and let 



be the induced linear 



smooth maps. Define a map L 



isomorphism. Let $ : V* ^ — > f)* be a linear map and let g± : V|; x G^; -> be 

Lp,<i, : T*t C* by 

$(X) + J2 9+,.(Y)-exp(6,-(a,x))-e_r (3.12) 

where it is understood that r = p(a\F) in the sums and C* is identified with C via 
the Cartan-Killing form k. 

There are several choices of Lax representation that are useful. The first is (in 
all cases, r = p(o'|f) is understood) 



while the second is 



$(X) 



1 



E CXp(&^ • ((T,X)) • C_r, (3.13) 



L(P) 



a>(x) 



E 



|Y,|^-exp(&,.(a,x)) 



(3.14) 
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and a third is 

K-i.L(P) =$(X) + i=x ^ lY^I^"' -expCifo,. (a,x))(er + e_r). (3.15) 

Note that the Lax representations in (j3.13f[3T4)) are related to the splitting of the 
loop algebra in section 13.11 the final Lax representation in p.lSp is related to the 
splitting in section In all cases, the pullback of the Casimir x ^ x k{x, x) on 
£* by any of the three Lax matrices in p.l3ff?T5|) L is equal to 

H:= i X (Q.X,X) + i ^ lY^l''' •cxp(6,.(a,x)), (3.16) 

where Q : V* ^ ^ Vq.f is defined by Q = <f>*K(f>. This Hamiltonian is fibre- wise 
quadratic — hence, induced by a riemannian metric — iff 6^ = 2 for all a; in all 
cases, it is fibre- wise convex. The next theorem implies that there are constraints 
on i<" if H is fibre- wise quadratic. 

As a second step, recall that SI2IR has a basis h, e+, e_ such that [h, e±] = ±e±, 
and [e+,e_] = 2h. The Cartan-Killing form identifies the dual basis as ft-,e_,e+. 
For each a E Ge, let sl2Mcr be a copy of SI2K and let ha-,e±^cr be copies of h,e±. 
Define Li : T*E ^ gj, fli = ^ shR^ by 

Li(-P)= •/v+cxp((a,y))-e_,,. (3.17) 

creGE 

Theorem 3.2. Li is a Poisson map. L — Lp.$ : T*Y, — > £|j is a Poisson map iff 
there is a c £ such that: 

(1) for all a £ G^; and r £ 9 with p{<7\p) = r, one has n~^^^^^b„iOr ~ c; and 

(2) $ = c-i X cbp. 

The map L2 = L -I- Li : T*!] — > £* + g| is a Poisson embedding if either g+ or 
is an embedding and E ~ F. 

Proof. The proof shall assume that L is defined by equation p.l3p : the remaining 
cases are not significantly different. To prove that Li is a Poisson map, one needs 
to prove that 

{/oLi,goLi}y.j, = (3.18) 

for all smooth functions f,g on t)^. It suffices to verify equation p.lSp holds for 
linear functions /, g, for a single copy of SI2M, and a single pair of conjugate variables 
Y and y. For f = h and g = one sees that 

{h, e+},i^R. oLi = - ((Li, [h, c+])) = -e^ (3.19) 

while 

{/loLi, e+oLi}y.g; = {Y, e^} = -e^. (3.20) 

Since h and e+ are functionally independent at almost all points on almost all 
co-adjoint orbits, this proves that Li is a Poisson map. 

To prove the claim concerning L, one needs to prove that 

{/oL,.9oL}j,.53 = {/,.g}^^oL, (3.21) 

for all f,g £ C°°{£*). As above, it suffices to verify equation p.2ip holds for all 
f,g e Cb- Given the bracket relations on Cr, it suffices to prove the equation for 
all /, g e £_i + Cq + C+i. Let us break this into cases: 
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If /, .9 G £o or / e £_i and g e C+i or / G £o and g e 'C-i, then [/, (7]^ = 
so {/, 5}£* oL = 0. On the other hand, {/oL, goLj^^.f, = since functions 
of X alone, or a function of Y and a function of x, or a function of Y and a 
function of X alone Poisson commute. 
If /,g e £_i or f,g e C+i, then [f,g\R G £±2. Therefore, 

{/,.g}£j^oL = -((L,[/,g]^))=0 (3.22) 

since L lies in £_i +£o + 'C+i. On the other hand. /oL and goh are either 
functions of Y or x alone. In either case, they Poisson commute on T*E. 
(3) If / £ £0 and g G £+1, then it suffices to assume that g = Cr for some 
r S ^f. In this case, 

{/, g}^,^ oL = - (L, [/, Crlfl) = - (r, /) x ((L, Cr)) (3.23) 

= -(^:/)x XI exp(6^ ((7,X)). 
(tSGb s.t. p(<T|p)=r 

On the other hand, 

/oL = (X,a>*/), (3.24) 

goL = X exp(6^ (o-,x)), (3.25) 

ctGGe s.t. p((t|^)— r 

SO the Poisson bracket of these functions is 
{/oL,goL}^.^ = - X exp(6, (<t,x)) x (<7,$*/) (3.26) 

o^Ge s.t. p(ct|p)— r 

Because p is a bijection of Bj? with 'S', there is a unique r S Bp- such 
that p{t) ~ r. Therefore, due to the way that p is extended to Gp, the 
it's involved in the above summations all satisfy (j\p = r or f . Therefore, 
(o-,x) = ('r,x) for all a € G^; such that p{(t\p) = r. 

This fact about the tr's also implies that (it, $*/) ~ (^("tIvo f)' f)- Since 
f will only appear when it acts on Yo,f, the notation ^ will be sup- 
pressed. 

Therefore, if the right-hand sides of equations (j3.23p and (|3.26p are 
equated for all / e £0, then one concludes that 

X exp(6, (f,x)) X [b, $(f) - r] = 0. (3.27) 

(jEGe s.t. p{a\p}=r 

The functions u i-> e°", e''" are linearly independent if a 7^ 6. If the b^^s in 
the above sum are not constant, then the sum in equation (j3.27p contains 
two linearly independent functions. Therefore, the coefficients on these two 
functions must vanish. But this forces $(f) to equal two different multiples 
of r. Absurd. Therefore, the 60- 's in the sum must be constant. This implies 
that 6cr is determined by r alone, or equivalently, by r alone. 

As cases (1 — 3) are the only independent cases to be considered, one concludes 
that if L is a Poisson map, then there are integers br, t G Bp, such that the integers 
ba, (T Gp, satisfy 

bcr = br where (t\p = r or f. (3.28) 

Moreover, equation p.27p implies that if t G Bi? and p(r) = r. then 



$(f) = b-^r. 



(3.29) 
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Summing over t £ Gp, and using the fact that p is a bijection of B^? and 9, 

J2 ^(f) = 5Z ^"^"^ = XI (where p{t) = r). (3.30) 

The left-hand side vanishes because J^reGp '^Wa f ^ 0- Therefore 

^n^6-V = 0, (3.31) 

rG* 

while the unique linear dependence relation in equation (|3.10l) implies that there 
must be a constant c such that n~^hr<^r ~ c for all r G The constant c is a 
positive integer, or one-half such, since br and ujr arc positive integers and rir ~ 1 
or 2. This implies part (1) of the Theorem. 

The equation that $ must satisfy is, for all r G B^?, 

$(f ) = ^— X ujrT where r = pM. (3.32) 

cn-r 

Comparison with equation p. lip shows that $ = x (f)p, which is part (2) of the 
Theorem. 



The claim that L2 = L + Li is an embedding is obvious. 

□ 

Remark 3.2. Theorem p.2p exploits the naturality of the constructions. In cases 
where the group A is not of finite index in Up, one encounters the problem that 
there is no obvious Lax map. This is what makes question [D] difficult. 

Remark 3.3. Condition (1) implies that depends only on a\p. Condition (2) 
implies that 2c is divisible by all w^, hence by their 1cm, uj. Therefore, there is a 
unique choice of $ and integers b^- if one insists that c be as small as possible and 
the ba be even. In case F is totally real, condition (1) implies that c is divisible 
by w = lcm(a;r. : r S ^f). When c is chosen to be 2u> - so that ba = lujjuJr is even 
-, condition (2) implies that $(0-1^) = \wrT, where Wr = Wr/w, and p{(t\f) = r. 
This condition is stated in [TTl Lemma 7], except for the factor of ^ in $0 This 
discrepancy is due to the choice of a slightly different Poisson structure in [TTl 
equation (9-10)]. With these choices, the Hamiltonian H in equation p.l6p is 
equal to that in [TT] equation 15] when £^ = is totally real. In particular (c./. 
equation I3.16[) , 

Q^cl>*p-K-cj)p. (3.33) 
In the event that F has no real embeddings, this smallest choice is c = a; and 
ba = 2ui/ujr] in other events, the solution is somewhat more involved to state, as 
it depends on the bijection p (see tables [2H11 in section 14.1.31 for examples). It is 
possible to state 

Proposition 3.1. Let r be the number of real embeddings of F, and 2c the number 
of non-real embeddings. If the Hamiltonian H is fibre-wise quadratic, then table ^ 
is true. In particular, if r > A and c > 0, then none of the Hamiltonians H are 
fibre-wise quadratic. 

Proof. From equation p.l6p . it is clear that H is fibre- wise quadratic iff 60. = 2 for 
all a. Since, for all roots r, ujr — nrc/2 where r — a\p and p{t) ~ r, one has 

T e : r G G^ : 

LUr = C UJr ~ c/2. 



'The coefficients ba in are one-fiaif tfiose in ttie present paper. 
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This shows that each weight is 1 or 2. If c = 0, then c = 2 and w,. = 1 for aU roots. 
If r = 0, then c = 1 and w,. = 1 for all roots. If r, c > 0, then c = 2 and "9 has r 
roots with weight 1 and c roots with weight 2. Inspection of the root systems in 
figures completes the proof. □ 

3.6. Quotients of the Lax Representations. 

Lemma 3.3. There is a natural action of A ^ Up ★ Op — which factors through 



-on C*j^ such that the map defined in equation h3.13\} is A-equivariant, hence 



induces a Poisson map 



The action of Up on im L C £Jj is free and proper. 

Proof. Define the action of g ~ {u, a) G Up -k Op on C\ by 



\a{u)\- 



g ■ Gr 



(3.34) 



Cr if re ^, p{a) = r 
r if -r e p{a) = r 
otherwise, 

and g\cQ = 1. It is straightforward to see that L(g ■ P) ~ g ■ L(P) for all g and 

p e T*s. 

Since the coefficients of Cr, — r e do not vanish on imL, one sees that the 
action ofUp is semi-conjugate to its action on Vo,f- Hence, it is free and proper. □ 

Remark 3.4. The preceding lemma implies that H and all the "spectral" integrals 
of H descend, but with some additional work. The alternative Lax matrix, equation 
p.l4p . gives us a simple proof of this fact. 

Lemma 3.4. The map defined in equation ^3.14^ is Up -k Op -invariant, hence it 
induces a Poisson map 



T*T. 




T*T.. 

Consequently, if h is a Casimir of C* , then hoL Poisson commutes with H. 
Proof. By equation (j2.17[) . one can write 



HP) 



1>(X) 



1 



(3.35) 



By Lemma |2.4[ each function 70- is W^-invariant, hence Up * Oi?-invariant. □ 



3.7. Additional Integrals. A consequence of Theorem 13.21 is that the function 
P i-j. Y : T*E — > is a first integral of any function on £|j pulled-back to T*S 
by the Lax matrix L (equation (|3.13p ). Unfortunately, this map is not Z//^-invariant. 
However, one is able to construct a map, f, from Y which is W^-invariant. Naively, 
one might try to define f by means of equivariance. That is the task of this section. 

For each t S Gf, let the subspace of spanned by {cr : cr|i? = t} be denoted 
by \t,e- One may define 



(3.36) 
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for all r G Gp- Since ~ Yg. for all cr, it is clear that complex conjugation induces 
a real linear isomorphism between V* ^ and ^. This linear isomorphism maps 
Y,- -^Yf, which implies that as real vector spaces 

n= Ke- (3.37) 

In the sequel, this natural isomorphism is understood. 

The group Up acts on by u ■ a = a{u)^^ ■ a. Since u £ F, this action is 
(c./. equation l2.16p 

u-Y ^ t{u)-^ - Yr- (3.38) 

Lemma 3.5. Let 

V|,o = {YeV|; : yTGBF,Yr^O}. (3.39) 

The set V|; q is Up -invariant and VpQ/Up is a smooth manifold of dimension 
dim Y*p . 



Proof. Inspection of equation p.38p shows the invariance of V|; q. To prove that 
the action of Up is free and proper, define q : q — >■ Vo,_f/£^ by 

q(Y)= ln|Y^|-T- ^ ln|Y^|-t mod£^, (3.40) 

where 



E 



From equation p.38p . one sees that u*|Yt-| = — In |r(u)| + |Y^|, so q is W^-invariant, 
hence it defines a continuous map q : V|j f)/Up — > Vq.f/^f- The action of Up is 
therefore both free and proper, since q maps cosets onto cosets. □ 

Define a function g,- : T* S — > M by 

5.(P) = |Y.P- Y |Y<.r (3.41) 

These functions are first integrals of H (see below), but they are not Z//j!^-invariant. 
However, their product is invariant: 

k= n .9-= n E (3-42) 

From k one obtains the important subspaces 

il={PeT*I] : k(P)7^0}, 3 = {PeP*S : k(P) = 0}. (3.43) 

It is clear from the definition of k that 3 is the union UreGp^r, where 3t = 5t^^(0) 
(although is not Zi^-invariant, its zero set is). It is also clear that H is an open 
and dense analytic submanifold of T*S, 3 = S x V* ^ x q, and that 3 is an 
analytic sub- variety. 

Lemma 3.6. Define the map f : il — > Vp o/Up by, for all P G il, 

f(P) =Y-U+ (3.44) 

where the action of Up is given by equation i3.S8\) . Then f is an analytic submer- 
sion. 

Proof. This is clear. □ 
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Remark 3.5. (1) il is a union of regular Liouville tori and singular tori (see below). 
The singular set 3 has co-dimension equal to [E : F]. Therefore, when F C E, 
the co-dimension is two or more. In this case, the set of regular Liouville tori is 
connected. (2) The topological structure of o/^f interesting. The map q is 
a submersion whose typical fibre is diffeomorphic to the Cartesian product of the 
unit spheres in V*^, for t G Bj?, with the positive real numbers. The bundle is 
generally non-trivial, since the action of Up twists the fibres. Indeed, one sees that 
the map q x k is a proper submersion with 

n.eB. s"--'^ y*Efl/^^ — yo.F/&F x m+ (3.45) 

where we identify k with a function defined on and dr = [E : F]. This also 
exhibits o/^f ^ compact manifold times M+. The compact manifold is 
something like a torus bundle over a torus. In particular, the ends of V|j o/^f 
are quite uncomplicated. (3) Let us relate the preceding discussion to that in the 
introduction, c.f. diagram (jl.5|) and figure [T] Let ^ be the equivalence relation on 
V|; that is generated by defining Y if = for some t G Hp and Y ^ m • Y 
for all u G Up. The topological space V*p/ ~ is a quotient of V*p/Up where 
one collapses the set {Y : JlreB ^-r = 0} to a point. We have the following 
commutative diagram: 



a- 



V* 



(3.46) 




in (jl.5|) and / = Y is the momentum-map of the torus Ye/^e acting on r*E. 
One can see that Veo/^f complement of the coset of in Yp/ ^ and 

that the first-integral map / is the natural extension of the map f from ii to T*Y,. 
Erom the diagram p.45p . one can see that Vp/ ~ is homeomorphic to the cone 
on R+\V|; o/Up, where R+ acts by scalar multiplication. The diagram p.45p also 
shows that when F ^ E, the fibres of q x k are disconnected, so that V*p/ ^ is 
a union of disjoint cones pinched at the cone point as in figure ((T]) . When F is a 
proper subfield of E, then the fibres of q x k are connected and Vp/ is a cone on 
a connected space. (4) There are globally-defined, W^-invariant functions on V^. 
The most natural construction is a generalisation of the quadratic Casimir from the 
3-dimensional Sol manifolds and the Casimir in the totally real case [SI E] . Each 
copy of Yr.E may be naturally identified with V£;/i?0 and similarly for the dual 
spaces. One can therefore define the map 



e(Y) = n Yr, 



t:Y*p^ S^iYE/F) 



(3.47) 



^Note that Ve/e = 
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where d = [E : F] and S*(Ve/f) is the vector space of polynomial functions on the 
vector space Ve/f- It is clear that t is Up invariant. A simple computation shows 
that q X Ms a submersion on q/^f • (^) ^^^'^ might want to use the map 

to "split" the fibre bundle in (j3.45p . In general, however, the map induced by equiv- 
ariance is not well-defined. Rather, to obtain a well-defined map by equivariance, 
the set Ur = {t{u) /\t{u)\ : u E Up} needs to be finite for all t £ Gp', if one of 
these sets is not finite, then the co-domain of the induced map is not a manifold; if 
all the sets are finite, then the induced map's co-domain is a product of lens spaces 
so it does not split the fibre bundle, but it does split a suitable finite covering. 
Finiteness fails in many important cases: if F possesses a unit of infinite order on 
the unit circle, for example. (6) The map f induces a sub- algebra of C°°(T*I]) by 

R = {fh : h e C°°(V*E^o/U;^), h has compact support } . (3.48) 

The sub- algebra R is the substitute on T*!] for the momentum map P h- > Y on the 
level of algebras of functions. 

4. Complete Integrability 

Let Z°°{C*) be the set of smooth Casimirs of C* with its standard Poisson 
bracket. This section proves that 

Theorem 4.1. Let h e Z°°{C*) be a Casimir and let 1^ : T*Y, ^ C\ be the Lax 
matrix of equation i3.13\) 

L(P)= E + $(X) + E |Y.|'"-cxp(6, •(<T,x)).e_r, 

where $ : V* — > f)* satisfies the conclusions of Theorem IS.2\} . Then, the following 
are true 

(1) H :^ h* h is a completely integrable Hamiltonian with smooth integrals; 

(2) the algebras L := L*Z°°(£*) and R form a dual pair; 

(3) the singular set is an analytic variety. 

Proof (1-2) Let R = n*R be the puUback of R to T*E. By the construction of R, 
R C Y*C°°(V|;) and their functional dimension is equal on 11. 

A Casimir h of C* is. a fortiori, invariant under the co-adjoint action of Cq. 
Therefore, h\^t +£*+£* must be functionally dependent on the co-adjoint invari- 
ants of Co, Br • e_r, T £ and x G Cq. From the formula for L, the function 
H = L*/i must therefore be a function of -fa- = lYo-]'''' exp(6cr (o',x)) and X. These 
functions, and therefore H, are involution with R. 

This proves that L and R are commuting algebras of functions whose sum L -I- R 
is also abclian. 

Let C c+Cq+C*^i be the set of regular points of the algebra Z°°{C*) restricted 
to the subspace c + Cq +C'^i, where e = X^rG* ^r- This regular-point set is an open 
and dense real- analytic subset of e-|->CQ +C'^i. Since L|y is an analytic submersion 
whose image is open in e -f £q + C*^i, L^^($H) is an open and dense analytic subset 

of a. 

Therefore, for all P e L"^(fH), 

dimdLp = rank'I' — dimVo^Fi dimdRp — dimV^;, 

while it is clear that 

dLpndRp = {0}. 
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Since dimS = dim Vq.f + diniVs, this proves (1-2). 

(3) The singular set of R + L is the union of L"^(fH'=) and 3 k-i(O). Both are 
real-analytic subsets of r*S. hence their union is, too. 

□ 

Theorem [H Let A be maximal in the sense of definition [TJ This implies that 7fi 
is an irreducible ^-module. Let T € GL(6; C) be a matrix that conjugates A to 
a subgroup of the set of diagonal matrices in GL(6;C) and let F = T~^AT and 
M = T^^TJ'. Let F be the extension field of Q that is generated by the (1, 1)- 
entries of 7 e F; since A is maximal, F/Q has degree b. The map 6, defined for 
each 7 e F by, 

5(7) := 711 (5 : F ^ Up 

is a group homomorphism. Indeed, the maps 6j{'y) = "fjj are group homomorphisms 
into the group of units of the j-th conjugate of F. 

It is clear that the first column of the matrix T can be supposed to have entries 
in Op and the j-th column of T can be supposed to be the j-th conjugate of the 
first column. It is claimed that det T = q - d where q\s a. non-zero integer q and d is 
the different of F. By definition, d = det U where the entries of the first column of 
U form a Z-basis oi Op and the remaining columns are the conjugates of the first 
column. Let v be the first column of T. If the entries of v do not rationally span F, 
then there is a non-zero t G such that (t, v) — 0. One can take the conjugates 
of this linear equation and conclude that t is orthogonal to each column of T and 
therefore t = 0. Absurd. One concludes that the entries of v generate a finite index 
subgroup of Op. The index of this subgroup is detT/rf. This proves the claim. 
Therefore, for all m G M, the j-th entry oi qdx m lies in the j-th conjugate of Op. 
Define the map 5 for each m E M by 

S{m) := qd-mi S : M Op, 

where toi is the first entry of m. It is clear that (5 is a morphism of modules that 
faithfully intertwines the representation of F on M with that of (5(F) on S{M); or, 

6 extends to a group embedding AI-kT'^ ^ Op i^Up whence there is a group 

embedding Z'' -k A'^ ^Op-kUp. 

Because is an irreducible A- module, the degree of F/Q is h so is em- 
bedded as a finite index subgroup of 0_f. Since A is maximal, A is embedded as 
a torsion-free, finite-index subgroup of Up. Since (5(F) is torsion-free, there is a 
choice of Up such that (5(F) C Up. Therefore, one has obtained an embedding 

j}> -k ^Op-kUp which is of finite index. This proves that T,a is a finite 

covering of the manifold S constructed in lemma (|2.3p with E ~ F. 

The proof of the theorem follows now by virtue of theorem 14. II and the fact that 
the covering map T*E^ — > T*S is a local symplectomorphism. □ 

4.1. Examples. Let us illustrate the results of this section with two examples. 

4.1.1. A non-normal cubic extension. To illustrate the construction behind Theo- 
rem [T] take the case where A < GL(3;Z) is the group generated by 





"0 


1 


0" 




"-2 1 " 




Ai = 


3 





1 


A2 = 


3 -2 1 


(4.1) 
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2 







1 2 -2 
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A is conjugate by a T <E SL(3; 



ai 






















"3 



to the group r generated by 



B2 = ' 



Q!4 






as 




where aj for j = 1,2,3 are the roots of the cubic f{x) = x^ — 5x- 
for j = 4, 5, 6. For definiteness, one can take T to be the matrix 





Q!6_ 

1 and a. 



(4.2) 



T = 



Baa + a2 
5q!2 + ai 
as 



3a3 
5ai 



a2 



whence det T = v473, which is the different of / and the number field F 
Let M = r-i(Z3) and A = A/*r so that T*S^ = r*(A\R3 x M^)^ 
To define the Lax matrix in (|3.14[) . it is convenient to embed A by 



(4.3) 



"1 



A' 



log oAd^_i 



A: 



log|a3i+i| 



log \a3i+2\ 



loglasi+sl 



for i — 0,1, where f) = is the Cartan subalgebra of SL(3;K.) consisting of trace 
zero diagonal 3x3 matrices. This embeds A as a lattice in [). One can define the 



coordinates for P = (Y,y,X,x) € T*S 
matrix 



T*W X r*fi and thereby obtain the Lax 



L(P) = 





1 
1 








Xi 







X2 








X3 



where Si = |Y,;p exp(2xi — 2xi_|-i) and Xj = X^^j 
Poisson-commuting functions 



(5i 0' 
52 (4.4) 
A^a 

0. One obtains the two 



H 
F 



X Tr(L2) = -x{Xl+Xl+Xl) + -x (S, +62+ ^a) 



X (X? +Xl+Xl)--x (61X3 + S2X1 + 63X2) 



(4.5) 
(4.6) 



3 ^ ^ 3 
that are in involution with Y. 

One may permute the indices i; it is clear that a cyclic permutation yields the 
same H and it is not difficult to see that transpositions yield equivalent hamiltonians 
(remark 17. 2p . 

4.1.2. A non-normal cubic extension and Z^. To illustrate the construction behind 
Theorem [T] take the case where A <J GL(6; Z) is the group generated by 

-2 
1 
1 

-2 
1 

-2 

"(4.7) 



(4.8) 



where I2 is the 2x2 identity matrix and aj for j = 1,2,3 are the roots of the cubic 
f{x) = — 5.T — 1 and aj = ctj-a — 2 for j = 4, 5, 6. One notes that the matrix Ai 
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0-2 
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Ai = 


-1 


0-10 
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, A2 = 




-1 -2 
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-2 
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1-10 
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0-11 
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A is conjugate by a T G SL(6; M) 


to the group F 


generated by 










'aih 








Q4/2 







Bi = 


a2l2 




B2 = 




ash 











a3/2 
















22 



LEO T. BUTLER 



is the matrix of the root ai acting on the integers oi Oe, where E = Q[ai, •\/473] 
is the normal closure of the field F of the previous example. There is not a simple 
expression for such a matrix T, because unlike the previous example Ai is not 
conjugate over Z to its companion matrix. In all events, let M = r~^(Z^) and 



A = Af * r so that T*'Ea = T*(A\I 



To define the Lax matrix in p.l4[) . it is convenient to embed A by 

log \a3i+i\l2 



A- 



log oAd^_ 1 



A. 



i+l 



log |Q!3i 



log las 



consisting of trace zero diagonal 6x6 matrices. This embeds A as a lattice in the 
subspace f)2 C f) consisting of matrices which arc of the form B ® I2 for a 3 x 3 
diagonal, trace zero matrix B. One can define the coordinates for P = (Y, y, X, x) G 
r*S = r*M6 X r*t)2 and thereby obtain the Lax matrix 

A-1/2' 



HP) 





h 
h 



X1/2 








1 













X2/2 











52I2 








X3/2 













where 5i = |Yip exp(2xi — 2xi_|-i) and X]X 
Poisson-commuting functions 

1 



(4.9) 

0. One obtains the two 



H 



X Tr(L" 



ix(X?+X2 + X2) + ix(5i 



1 



F = - X Tr(L3) ^ 3 X (XJ 



X^ + X^) 



1 



X (^1X3+^2X1 +^3X2) 



(4.10) 
(4.11) 



that are in involution with Y [z^ indicates equality modulo functions of Y). 



4.1.3. A non-normal quartic extension. To illustrate the construction behind The- 
orem [T] take the case where A <l GL(4;Z) is the group generated by 



Ai 







-1 -1 1 

1 

-10 

1 1 



A2 
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1 


1 





1 





1 











-1 


1 





-1 


1 



A is conjugate by a T g SL(4; K) to the group T generated by 
Si = diag(Q;i, . . . ,04), i32 = diag(Q;5, . 



(4.12) 



(4.13) 



where a. 



2x^ 
1 



0,2 



for j 

-2x- 



1, ... ,4 are the roots of the palindromic quartic f{x) 



1 and a.. 



1 + sV2 + t^J {I + sV2y - 4: 



Q;j_4 — 1 for j = 5, . . . , 8. The roots a 
where s,t £ {±1}, j = 1,...,4 



J equal 
This gives 



two real reciprocal roots that are approximately 1.883 and 0.531 and two conjugate 
complex roots on the unit circle that are approximately 0.207 ± 0.978-\/— 1- Since 
/ is Q-irreducible, the complex roots are not roots of unity, which also implies that 
the largest positive root is a Salem number. One notes that the matrix Ai is the 
matrix of the root ai acting on the integers of Op, where F = Q[ai]. 

As with example I4.1.1[ one can compute a straightforward representation of T 



— 1 Q!4 — Q!3 + Q;2 — 2 Qfl 

a4 — + a2 — cti 

1 — Q!4 + as + ai 

2 0:3 + a 1 



- 2 a? 



(4.14) 
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and one can verify that dot T = —8^—7, which is the different of F. In ah events, 
let M = r-i(Z4) and A = A/*r so that T*!]^ = T*{A\K'^ x R^). 

To define a Lax matrix as in (j3.14p , it is convenient to embed A into the Cartan 
subalgebra f) = of the real symplectic group of 4 x 4 matrices 

t) = {diag(a, 6, —a, —b) : a, 6 G M} 



by the embedding 

log oAd^_i 



A- 



Ai+i I ^ diag(log I aa+i | , log | a4i+2 1 , log | a^+i | , log | a4i:+3 1 ) 



for i = 0, 1. To make this an embedding, one must stipulate that the roots aj and 
a^~j must be reciprocals for j = 1,2; it is also supposed that ai (resp. 02) has 
positive imaginary part (resp. is the largest real root of /). This embeds ^ as a 
lattice in f). One can define the coordinates for P = (Y, y, X, x) e T*i] = T*M.^ x r*ti 
and thereby obtain the Lax matrix L(P) 

*(X) 






1 










aiXi 

















1 







02X2 





-1 











+ 





-aiXi 











-1 













-02X2 



A(53 
(5i 
{) -5i 
^2 

(4.15) 

where 5i^ai are determined in Table [2] One obtains the two Poisson-commuting 
functions 

\ X (a?X? 



H = i X TrfL^) 

4 ^ ' 



alXl) 



\5.) 



F = dot L = 



— (5iaia2XiX2 + 



1X2^3 ^ a\X\52 



a^fljX^Xg 



(4.16) 
(4.17) 



2 2 

that are in involution with Y (= indicates equality modulo functions of Y) . 

To explain the following choices for the functions 5i, one defines the embeddings 
of the number field F by Ti{ai) = ai, so that Bp — {Ti,r2,T3} and ~ fi. 
A bijection p : 'Rp — > 'J' is identified as a permutation s of {1,2,3} under the 
convention that p{Ti) — Ys{j)- Only three choices are listed since the remaining 
three are obtained by permuting Y2 and Y3 in the formulae below (these unlisted 
choices are also conjugate to the listed choices, since this permutation induces an 
analytic symplectomorphism of T*Y,). 



c 


P 


br 


ai 


02 


5i 


52 


53 


2 


(1) 


2,2,2 


1 


1 


2|Yi 


2g2xi-2x2 


IY2 


2g4x2 


IY3 


2g-4xi 


4 


(21) 


8,2,4 


1 
2 


1 

4 


IY2 


2g4xi-8x2 


2|Yi 


8gl6x2 


IY3 


4g^8xi 


4 


(31) 


8,4,2 


1 

4 


1 
2 


IY3 


2g8xi-4x2 


IY2 


4g8x2 


2|Yi 


8g-^16xi 



Table 2. Choices for the Lax matrix L; y; (Y^) is a coordinate on 
the ai-eigenspace with yi = y4 (Yi = Y4). See Theorem 13.21 



With these choices of 5i, (j4.15p gives a Lax representation of the hamiltonian 
vector field of H (j4.16[) with the integral F (j4.17p . Although fibrewise convex for 
all choices, the hamiltonian H is only fibre-wise quadratic for the first choice. 

Additional Lax Representations. One can define additional Lax representations with 
the aid of the remaining rank 2 affine Kac-Moody algebras. 
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A^^'. Embed A into the Cartan subalgebra d = of SL(3;]R) via 



A- 



log oAd^ 



diag(21og |a4i+i|,log |Q;4i+2|,log |a4i+3|) 





"0 


A-1" 




fliXi 








1 


" 


5i 


0" 


L(P) = 


1 





+ 





0.2X2 











S2 







1 










a3X3_ 




\h 









where the roots aj are labelled as above. This embeds A as a lattice in [). One can 
define the coordinates for P = (Y, y, X, x) G T*S = r*R'' x T*t) and thereby obtain 
the Lax matrix 



(4.18) 



where ^ a^Xj ='^a^ = and Si is defined below. One obtains the two Poisson- 
commuting functions H = ^ x Tr(L^) and F = det L where 

H = alXl + aiXiasXs + ajxj + ^x{6i+S2+ S3) (4.19) 

F = -aiXiolXl - a^X^aaXa + ^ aiXi {Si -82) + ^ 02X2 {Si - S3) , (4.20) 
where the functions Si are determined in table [31 following the conventions in table 

13 



c 
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br 


01,02 


^1 


<52 


^3 


2 


(1) 


2,2,4 




2|Yi|2e2'<^ 


-4X1 


IY2IV 


-4X2 - 


-4X1 


lYal^e^'^- 


^8x1 


2 


(12) 


2,4,2 




|Y2|4e4x2- 


~2xi 


2|Yi|V 


-8X2- 


-2X1 


|Y3|2e4x2- 


^4x1 


2 


(13) 


4,2,2 


1,1 




-2X1 


IY2IV 


-4X2- 


-2X1 


2|Yi|4e2'<2- 


F4xi 



Table 3. Choices for the Lax matrix L; (Y^) is a coordinate on 
the a^-eigenspace with yi = y4 (Yi = Y4). See Theorem [ 



6*2 . One proceeds as above and obtains the hamiltonian 

H = ^ X {alXl + 301X102X2 + 3a^X2) + 16 x {3Si + S2 + S3) (4.21) 
where Si is defined by 
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^3 


12 
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1 1 

4' 3 


2|Yi 
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-6x2 


|Y2|^ 


gl2x2 
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IY3 




-6x2 
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(3 2) 


8,12,6 


1 1 

4' 3 


2|Yi 


8gl6xi 


-12X2 


|Y3|^ 


g24x2 


-24x1 


IY2 


i2e- 


-12X2 


24 


(3 21) 


24,4,6 


1 1 
3' 12 


IY3 


6g48xi 


-4X2 


2|Yi|2^ 


g8x2- 


72X1 


IY2 


4e- 


-4X2 


12 


(21) 


6,2,6 




IY2 


2gl2xi 


-2X2 


2|Yi|6 


g4x2- 


18X1 


IY3 


6 e- 


-2X2 


12 


(2 31) 


6,6,2 




IY2 


6gl2xi 


-6x2 


IY3P 


gl2x2 


-18X1 


2|Yi 


6 e- 


-6x2 


24 


(31) 


24,6,4 


1 1 

2' 3 


IY3 


4g48xi 


-6x2 


|Y2r 


gl2x2 


-72X1 


2|Yi 


24e- 


-6x2 



Table 4. Choices for the Lax matrix L; y; (Y^) is a coordinate on 
the a^-eigenspace with yi = y4 (Yi = Y4) and is the coordinate 
on f) induced by the simple coroots [TTl p. 346]. 
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5. The singular set and gradient flows 
Two prefatory comments: first, the fibre bundle struetm'e 

NeIOe^ ^ E ^ Vo,F/ilF 

induces tire sub-bundle V = kerdp C TE and its annihilator C The 
sub-bundle V-*- is naturally isomorphic to E x V* ^. Second, recall that the stable 
manifold of a point p is the set of points whose orbits converge to that of p's as 
time goes to oo; the unstable manifold is defined symmetrically as time goes to — oo; 
the stable and unstable manifolds of a set are the union of the stable and unstable 
manifolds of each point in the set. In this section it is shown that 

Theorem 5.1. is an invariant set for the Hamiltonian flow of H (equation 
\3.16]) . The stable and unstable manifolds ofV^, W^(V^), coincide and 

W±(V^) = 3 (=k-i(0)). (5.1) 

Before proceeding with the proof, let us explain why theorem lS.ll is natural from 
the perspective of Bogoyavlenskij-Toda lattices. It is a well-known result that the 
open Bogoyavlenskij-Toda lattices undergo scattering: the particles interact over 
some time interval and then separate and proceed off to infinity. The net result of 
the interaction is that the momenta of the particles may be permuted from t = —oo 
to t ~ oo; in terms of the Lax matrix, L(— oo) and L(oo) are diagonal matrices 
which differ by the action of some element in the Weyl group. Since the open 
Bogoyavlenskij-Toda lattices are obtained from the periodic Bogoyavlenskij-Toda 
lattices by turning off the potential term associated to the root rf, it is plausible 
that when other potential terms are turned off, the system should still exhibit such 
scattering behaviour. To confirm this, one must develop the double-bracket or 
gradient representation of these systems. 

5.1. Double-bracket and gradient representations. Let us recall the construc- 
tions of [5], where it is demonstrated that the open Bogoyavlenskij-Toda lattices 
may be viewed as gradient flows. Let g be a semi-simple Lie algebra with Cartan- 
Killing form k = ((, )). For x £ q* let Ox denote the co-adjoint orbit of x, let Qx be 
the stabiliser algebra of x and let be the K-orthogonal complement of Qx- The 
map V I— >■ adyX is a linear isomorphism of with TxOx- 

Definition 5.1. The normal metric, n, on Ox is defined at TxOx by 

Vm, u e gj: : n(adti2:, adi,x) = ((it, v)) (5-2) 

Lemma 5.2. If H £ C°°{q*), then the gradient vector field of H\Ox at x is 

\/H{x) = -[x,[x,y]]£TxOx (5.3) 
where y = VH{x) is the n-gradient of H . 
For a proof, see [S]. 

5.2. Bogoyavlenskij-Toda lattices and double brackets. Let us specialise the 
construction of the previous section. The semi-simple Lie algebra is the loop algebra 
C or its twisted counterpart of section [XT] Let 'S'o C be a proper subset obtained 
by removing a single root from ^. Let 

X ^ h + Xr{er + e_r) G £*, m — Xr{Cr — C-r), ^ i^) = [^i ™] i (5-4) 

rg*o re*o 

where /i S f). The vector field X is a Bogoyavlenskij-Toda- like vector field associated 
to the splitting oi qC C C as in section [X^ 
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Lemma 5.3. X is a gradient vector field relative to the normal metric, hence X 
is tangent to Ox- 

n 

Proof. It suffices to determine a. y <E \] such tliat X = \/H where H{x) ~ {{x,y)). 
To do so, it suffices to determine y sucli that m = —[x,y]. This reduces to the 
solubility of the equations 

Vr e "Jf : Xr ^ Xr (r, y) . (5.5) 

Since at least one of the Xr vanishes, and any subset of '9 of cardinality — 1 
restricts to a basis of [)*, there is always a solution to (|5.5|) . □ 

The vector field X is equivalent to the differential equations 

-h^'^2xlhr, and Vr e * : Xr=Xr{r,h), (5.6) 

rG*o 

where hr = [er, e_r]. In particular, X is tangent to Xr = for any r. It is also clear 
that X vanishes at x iff 

Vs e * : Xs (s, h) =0 and ^ 2x1 {{s, 0) = 0, (5.7) 

re*o 

where the identity (s,/ir) = {{s^r)) has been used. Since the matrix [((s, r))]^ ^^^^^ 
has full rank, the second part of ()5.7p implies that Xr = for all r e 'S'o and 
therefore for all r e This proves that 

Lemma 5.4. X vanishes at x ijf x lElj. 

It remains to prove that all orbits oiX limit onto f). Since H = {{y, —[x, [x, y]])) = 
{{adyX, adyx)), and ad^x = — X^^g^ Xr {r, y) (cr— e_r) one concludes from (|5.5|) that 

H = -2^xl < (5.8) 

re* 

with equality iff X = 0. Thus, the w-limit set of every point x lies in f), hence Oajflf). 
The latter is a finite set and since X is a gradient vector field on Ox, the w-limit 
set is a single point. Let ft-o € Oa; fl t) be this point and let $i = {r : Xr = 0}. Let 
us linearise X about subject to the condition that Xr = for all r e 'i'l: 

- = 0, and Vr ^ *i : 5xr 5xr {r, Hq) , (5.9) 

where Sx, Sh denote variations. It is clear that a necessary condition for stability of 
ho is that (r, Hq) < for all r ^ ^fi. A simple argument involving the transitivity 
of the action of the Weyl group on the Weyl chambers, shows that such an Hq must 
exist. This proves 

Lemma 5.5. For each x of the form in equation |5.4[ ), the uj-limit set of x under 

n 

the gradient flow of X — \/H is a point ho S Ox H f) that satisfies (r, ho) < for 
all r G 

A similar statement is true for the a-limit set, too. It should be observed that 
while t) contains the limit set of every point x, [} is not a normally hyperbolic 
manifold. One can see this from (|5.9p : when {ho,r) = 0, one loses hyperbolicity. 

Theorem 15. il For each t E Gp the Hamiltonian vector field of H in p.l6p , when 
restricted to the invariant set g^^{Q) feauation l3.41|l . is semi-conjugate to a vector 
field of the form of X in (|5.4p . The semi-conjugacy is provided by the Lax repre- 
sentation in equation p.l5p . Lemma |5 . 5 1 implies that the w-limit set of a point P € 
g~^iO) lies in V^. Similarly for the a-limit set of P. Since k-^{0) = U^GGj^ffr H0)> 
this proves the theorem. □ 
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6. Uniqueness up to Energy-Preserving Topological Conjugacy 

6.1. Marked Homology Spectrum of a Flow. Two flows : M x R — > M 
and (fi : N X M. ^ N arc topologically conjugate if there is a homeomorphism 
h : M ^ N such that hipt = fth for aU t € M. Let be the set of periodic 
points of the flow (f). For each periodic orbit 7 of (/), let the homology class of 7 be 
denoted by 7 and its period by Period(7). Let P0,7,t denote the union of periodic 
orbits of (j) whose homology class is 7 and period is T . The number of connected 
components of P^.^^t is denoted by P^^^^t- The following two definitions originate 
in Schwartzman's work j28j . 

Definition 4. Let A^^ = {(7, Period(7), /J^ pCTiod(7)) : 7 G P</>}- We call M^j, 
the marked homology spectrum of (j). 

The marked homology spectrum is a subset of Hi{M;Z) x R x N that is an in- 
variant of topological conjugacy in the following sense: if (j) and f are topologically 
conjugate then 

(ft,* X id-R X idfq){M^) = M^, 
where /i* : Hi{M;Z) Hi{N;Z) is the obvious isomorphism. 

Example 6.1. Let v e Yo,f and define the fiow 0" : S x R — > S by 

(^J'(y,x) = (y,x + to) mod A. (6.1) 

A point (y, x) G S is periodic of period T for (j)"" iff Tv ~ £{u) for some u G Up and 
M • y = y mod N^;. 

The map u : Ve/^e — > Ve/Ne is a toral automorphism. The number of fixed 
points of u is, up to sign, the degree of the map u — 1. The latter is det(u — 1) = 
ricreGE ''^(^ ^ which is also the norm of u — 1 EE. But since u — 1 E F, this 
norm equals Nf(u — 1)[^--'^1. 

Thus, 

M4,^ ^ {{£{u),T,\Nf{u~1)\^^'-^^) : yu£U+ kT eR+ s.t.Tv = £{u)^ (6.2) 

Example 6.2. Let Q : V* ^ — > Yo,f be a hnear isomorphism and M = T*{Yo.f/&f) ~ 
V* pXVo,f/-Cf- Let0t(X,x) = (X,x+tQ-X modil^). Clearly ?7±(X, x) = {±Q-X} 
for aU (X, x) G M. 

Let Vi = {(X,x) G Af : (Q • X,X) = 1} be the unit-sphere bundle, ^ 01 Vi 
and \m\Q = ■\/|(Q~-'-m,m)| for all m G Vo.f- The marked homology spectrum of 
4>^ is easily seen to equal 

M^i ^mu),\e{u)\Q,l) : ueU+}. (6.3) 



Example 6.3. The fibre-bundle structure Ve/^e'^ ^ S ^ Vo,f/S,f allows 

one to puUback the unit-sphere bundle Vi and the fiow (f>^ of the previous example. 
Let (f^ be the pulled-back flow on p*Vi. The previous two examples show that the 
marked homology spectrum of (p^ is 

M^i^mu),\e{u)\Q,\NF{u-l)\^''--^^) : ueU+}. (6.4) 

The marked homology spectrum is especially interesting because it contains in- 
formation about both the quadratic form restricted to the Dirichlet lattice, and 
it contains information about the periodic points of the toral automorphisms u : 
Vs/Nf — > Vf/Nf for u G Up. In [TT], this extra information about the fixed 
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points of the toral automorphisms was not noticed. It turns out that this informa- 
tion is extremely important. 

6.2. Asymptotic Homology of a Flow. Let tt : A/ — > AI be the imiversal abelian 
covering of M . The flow (j) is covered by a flow (j) : M x R — > A/. Let F C M he 
a fundamental domain for the group of deck transformations Deck(7r). For each 
p G M, choose p e F n 7r^^(p). For each t there is a g € Deck(7r) such that 
4>t{p) G g.F; let gt{p) be one such element and let \gt[p) £ Deek(7r) ®z K- RecaU 
that Deck(7r) (g)z M ~ Hi{M] R). 

Definition 5. Let 

V<p{p) ■■= n Watip) : t>T\ 

T>0 ^ ' 

be the asymptotic homology of p € M . Let rf^ = rj^± where = 4'±t- 

One can show that ry^ (p) is independent of the choice of representatives and if 
M is compact then r],f,(p) is non-empty for all p. It is also clear that if there is a 
scmi-conjugacy h with /io0 cpoh, then h^:r]^{p) — ri^{h{p)). 

Lemma 6.1. Let H be a Hamiltonian defined by eauation \3.1b\ and let ip : T*T, x 
R — > T*E be its Hamiltonian flow. Let iXr = {gr 7^ 0} for each t G Gf- If P & ilr, 
then 

Remark. This lemma is very close in spririt to lemma 

Proof Let P ^ (Y,y + NB,X,x) e £t^ and let P = n(P), c./. (m^ . Since g^(P) 7^ 
0; Yt 7^ 0. If V e '7^(P), then there is a sequence Tk -> ±00 such that 

v=lim -^(x(Tfc)-x(O)), 

where (^t(y -f Nij, Y, X, x) = (Y(t),y(t) + N^, X(i), x(t)) and (ft is the lift of (ft to 
r*S. Thus: 

(w,f)= lim —{x{Tk),T). 

fc^oo life I 

On the other hand H and g-r are first integrals of (pt. Inspection of equation 13.161 
shows that H(P) > .g^^^ exp(6^(x(r), f )) for all T. Since b^,br > and gr ^ 0, 
this inequality implies that 

Since v G ri^{P) was arbitrary, this proves the lemma. □ 

As noted above, the fibre bundle structure Ve/^e'^ ^ S ^ ^o,f/^f of 

S induces the sub-bundle V ~ kcrdp C TS and its annihilator V-'- C r*S. The 
sub-bundle is the intersection of 3t = <?t^(0) O'^^r all r G B^^-; it is also 
isomorphic to S x V* p. 

Lemma 6.2. Let Hi,H2 be defined by equation \ 3. 16\ with root bases ^'1,^*2 . // 
h : T*Yi ^ T*Y, conjugates their Hamiltonian flows, then 
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Proof. Let U be the set of points in V that are mapped out of V under h. Since 
P ^ iff 3r e Bf such that griP) 7^ 0, one sees that 

It suffices to prove that U is empty, since a symmetric argument apphes to h~^. 
Therefore, it suffices to prove that Ur = ft.^^(itr) H is empty for all t. Since iii- 
is open, Ut is an open subset of , so to prove that it is empty, it suffices to show 
that Ur is nowhere dense. As noted above, is naturally isomorphic to S x V*. 
Let TTo : V"*- — >■ V* denote the projection onto the second factor. Clearly, tTq is an 
open map and t^o{P) = X where P = n(0,y,X,x) e V-'-. ft suffices to show that 
T^oiUr) lies in a hyper-plane to prove the lemma. 

Let ip^' be the Hamiltonian flow of H^, and Qi the quadratic form used to define 
Hi (Equation EHH). If P e [/^, then P G so 

r7± (P) = {±Qi-X}, 

while h{P) G iXr, so from the previous lemma 

{v%{h{P)),T)<0. 

Since f^lh = hip], 

r,^,{h{P)) = h,r,^,{P) 

which implies that 

±(/i*QiX,f) < 0. 

Therefore, (ft.*QiX, f) vanishes. Since is non-degenerate, X = 7ro(P) lies in a 

fixed hyper-plane. Thus, 7To{Ur) lies in a hyper-plane. Since tTq is an open map, Ur 
is empty. □ 

Remark 6.1. Lemmas 16.11 and 16.21 can be reformulated and shown to hold in 
much greater generality. Let Y,a be defined as in 11.11 and let H : T*E^ — > M 
be a smooth, fibre- wise convex hamiltonian that is left-invariant. Left-invariance 
implies that H enjoys the integral / (|f .5p . In particular, if one defines the function 
"fi{P) = \pyi exp((^i, a;))|, then the properness of H implies that there is a function 
c = c{H) such that < 7i(P) < c\h{P)) for all P e T*Y.a- The proof of lemma 
O applies to show that if 7,(P) ^ 0, then {£^,v) < for all v G V^{P). This 
implies that the asymptotic homology of a point P with Yli li {P) 7^ is trivial and 
that a topological conjugacy of two such hamiltonian flows must map to itself. 

Definition 6. A homeomorphism h : T*T, — > T*E is energy-preserving i/ft,({Hi = 

i}) = {H2 = i}. 

We use the notation of Lemma 16.21 and its proof: 

Theorem 6.3. Let Hi,H2 be defined by Eauation \3.16\ corresvondina to root bases 
\I/i,4'2- G Homeo(T*I]) is an energy-preserving conjugacy of ip^ with tp'^ , then 
(1) ft.* : Hi{T*Yi) — > Hi{T*Yi) induces automorphisms of 2,p andUp such that 
the following commutes 
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(2) / is an isometry of {Zp, Q2) with {£,p, Qi); 

(3) a preserves the number of fixed points of u E Up acting on Yp/'^ip: 

\Np{a{u)-l)\^\NF{u-l)\ \/ueU+. 
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Proof. (1) The map on Hi induces an automorphism / of £,p. The isomorphism 
£ aUows the definition of a as an automorphism oiUp and shows that (*) commutes. 

(2) Let Vi = n H~^(i). Since h is energy preserving, Lemma [6.11 imphcs that 
/i(Vi) = V2. Let ip^\Vi be denoted by and let h\Vi continue to be denoted by h. 
Examples 16.11 and 16.11 show that 

M^.^mu)Mu)\Q^,\Np{u-l)\^''--^^) : u(.U+,u^±l} 

for i 1,2. 

(3) Finally, by hypothesis equals so from the identity = (/i, x idu x 
idfi)AAi^i one sees that 

KHIq. = I,M«)Iq. = K(«("))Iq., (6.5) 

\NF{u~l)\^\NF{a{u)~l)\ (6.6) 

for all u E Up. Equation (|6.5p shows that / is an isometry, while equation (|6.6p 
shows that a preserves the number of fixed points. 

□ 

Let us dualise Theorem 16.31 Let 0^ be a linear isomorphism V* p ^ i)* induced 
by a bijection pi : B^? — > (see Definition [3]). The norms | • | q. on 2p are equivalent 
modulo Aut(il^) iff the dual norms | • |g. on £^ are equivalent modulo Aut(il^). 
Since, by Theorem^ there is a S N such that |X|^^ = cri^((<^j(X), (^,(X)))^, 
Theorem 16.31 implies 

Corollary 6.4. // ip^ and ip'^ are topologically conjugate by an energy-preserving 
homeomorphism, then there exists fi € Isom([)2; t)i) o.i^'d g — f* €z Aut(£^) such 
that 

— X (l)ig(j)-^. (6.7) 
^1 

Remark 6.2. One might attempt to use Corollary 16.41 to try to determine the 
topological conjugacy classes of Hamiltonian flows. This is the approach taken 
in |11| . However, this approach leads to some very delicate and long-outstanding 
issues in transcendence and algebraic-independence theory. This paper skirts those 
difficulties by employing all the information in the marked homology spectrum. 

6.3. Periodic points of toral automorphisms. Part (3) of Theorem 16.31 has a 
useful corollary: the number of period-fc periodic points of the automorphisms u 
and a(u) of the torus Ye/'^e are equal for all k. Therefore, their asymptotic rates 
of growth arc equal. Define the function h : Vq.f ^ M by 

Hv) = {r,v)+ (6.8) 

for all V e Vo,F, where = max(»,0). Since the growth rate of the number of 
period-fc periodic points of u e Up is [E : F] x h{£{u)), this proves 

Lemma 6.5. Under the hypotheses of Theorem \6.3l the automorphism f : £p — > 
£,p satisfies 

h = ho/. 

The function h is piecewisc linear. One can characterise the sets on which h is 
linear as follows. For J C Bp, let 

Vo,F — e Yo.F ■■ yreJ, (f , i;) > & Vr ^ J, (f, w) < } . (6.9) 

Note that ifJ = 0orJ = BF; then V^^^^;, is empty; otherwise V^^^^;, is an open set 
that is closed under addition and multiplication by positive scalars. Since ^ is 
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open and it is closed under positive dilations, it contains balls of arbitrarily large 
diameter and hence it contains points in £,p. Therefore, 

£.i■.= Zpf^Yip (6.10) 

is a non-empty subset of S,p , for all J C Bj? with J ^% and B p . 
To return to h: for all J C B^?, define 

rj:=^^n7-f. (6.11) 

Lemma 6.6. The following is true: 

(1) ifve V-^p, then h{v) = {rj,v); 

(2) if V G Sip and f{v) G Sip, then rj = f*rj; 

(3) for each J d'Bp with J 7^ and B^?, there is a unique / C Bj? such that 
/(-Cf) C SL'p; 

(4) / induces a permutation w of the power set 2^^ that satisfies 

(a) 7r(0) = andTr{Bp) = B^; 

(b) ^{J)=Iifffi£i)(l£'p. 

Proof. (1) h may be characterised as: h(w) ~ max/^BF {tijv). On the set p, 
this maximum is achieved uniquely at / = J. This proves that h — rj on p.. 

(2) Let V G Sip and f{v) G Sip. Lemma (|6.5[) implies that 

{rj,v) = h{v) = h{f{v)) = {f*ri,v) . 

It is clear that the set Sl^p n /^^(£^) is an intersection of Zariski dense subsets of 
Vo.F; hence is Zariski dense since it is non-empty. Therefore rj must equal /*r/ 
on Vo,F- 

(3) Let Vi G Sl'p and assume that f{vi) G Therefore, from the previous step 
/*r/j — rj — f*ri^. Since / is an automorphism r/^ = r/^. Since the map 
I ^ rj : 2^'' V* p is injective except at and B^ (both are sent to 0), one 
concludes that /i = I2. 

(4) From step (3), the properties (a-b) uniquely define a map ir : 2^'' — > 2^^ 
because V^^ ^ 0— hence Slj-^ib — for aU J cBp, J ^ 0,Bp. This map TT is 
invertible because / is induced by the homeomorphism h: one can equally start 
with h^^, get /^^ and define ir' thusly. Step (3) shows that ir' = tt^^. 

□ 

Let us be more precise about the nature of /. Lemma [6.71 should be compared 
with [m Theorem 7], where the Gel'fond conjecture [121 is invoked to obtain the 
weaker conclusion that /* G Aut(£^) n Aut(V* j;,q). 

Lemma 6.7. Let V*^^ be the Z-module spanned by {?^T''^|voF : t G Bi?} and 
£,*p = Hom(£^,Z). Then 

f* G Aut(i;» n Aut(V;^^z) (6.12) 
Proof. Note that ir is defined by rj = for all J. If J = ir^^ {r}, then 

r{nrT) = rj gY:^p^^, (6.13) 
since r^^-y = UtT. On the other hand, if J = {r}, then 

(r)-'(«rr) = r,(,/) GV;^,^. 

This proves that /* G Aut(V*j^2), and since / G Aut(£jn), the lemma is proven. 

□ 
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Lemma 6.8. Let w : 2^^ — > 2^^ be the permutation defined in Lemma 1 6'. 61 // 
I, J d^F 0-re disjoint sets, then 

7r(/U J) =ir(/)Uir(J), 

U = disjoint union. Consequently, tt is induced by a permutation ofBp. 

Proof. Since I Ci J = 9, rju.j = rj + rj. Therefore 

r.iiuj) - irr'riuj = {n-\ri + rj) = 7V(/) + r^^jy (6.14) 

Assume that 7r(/) and ir{J) are not disjoint. Then, there is a r e 7r(/) n7r(J). The 
coefficient on f in the right-hand side of (j6.14[) is therefore 2nr. The coefficient 
on f in the left-hand side of (|6.14[) is at most n^, however. Absurd. Therefore 
7r(/) n7r(J) must be empty. 

Consider the #Bi? + 1 subsets of B^? that contain at most 1 element. This is 
the largest family of pairwise disjoint subsets of Bj?. Therefore, tt must be map 
this family to itself. Since 7r(0) = 0, tt maps the singleton sets to singletons. □ 

Let the permutation of B^? induced by tt be denoted by tt, too. Equation (|6.13|) 
is thereby simplified to 

Vr e Bi? : f*& ~ n-r f "'(''') = (6.15) 

Intuitively, one wants to say that tt should not mix up the real and non-real em- 
beddings, so the coefficients on both sides of (|6.15p ought to be equal. To prove 
this, observe that (j6.15p implies that 

yueU+ : fo£(u) = V In \t(u)\ ■ t. (6.16) 

reGp 



Since / G Aut(il^), the right-hand side lies in £,p C Vo,f for all u. Let ^ = 
J2r<£GF ^TTT'^ ^ ^*^'' ^'^^^ ^^'^("''^ ^ ^ f°^iu) e Vo,F- Since &p 

spans Vo,F, this shows that ^ G ^^tp- Since 

Vi;^ =span JT-f,e : reG^,e= J2 A ^ (^.17) 

I tGGf J 

and the coefficients ri^/n„(^) are constant under the involution r f. one sees that 
^ must be a multiple of e. Therefore, ?^T/?^ir(T) must be independent of t. Since tt 
is a permutation, this forces nT-/n.;r(T) to be identically equal to unity. This proves 

Lemma 6.9. The permutatiomr of Gp preserves the type of each embedding. In 
particular, 

Vr e Bf : f*^^T ^ 7r(r) = a. (6.18) 

Lemma 6.10. For each r G B^?, there exists a homomorphism C^t : Up — > such 
that 



(1) for all u G Up , T{a{u)) = Ct(u) ■ a(u) where Tr{a) 



t; 



(2) Ct- maps Up into CiUk where K is the normal closure of F. 

Proof. The equation f{t{u)) = £{a{u)) implies, via equation (|6.18p . that |r(a(u))| = 
|(t(u)| when a ~ 7r^^(r). Therefore, there is a unit modulus number ^ = C,t{u) such 
that T{a{u)) ~ C • a{u). The number ^ is a ratio of numbers in conjugates of F, 
hence it lies in the smallest field containing all conjugates of F, K. Moreover, one 
sees that C,t is a ratio of two homomorphisms, hence it is a homomorphism. Finally, 
since ^ is a ratio of units of K, it is a unit of K. □ 
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6.4. Strictly Hyperbolic Number Fields. Lemma [6.101 shows that, if one can 
force (^T to be trivial, then a is an automorphism of F and tt is induced by right 
composition by a~^. One expects that this is always the case: the symmetries of 
the number field F/Q ought to appear as symmetries (=topological conjugacies) of 
the Hamiltonian system, and vice versa. However, when K contains infinite order 
elements in 5*^, it is difficult to say anything meaningful about (^r- This is quite 
likely related to the fact that if u G Uk H has infinite order, then the induced 
automorphism of the torus Yk/Ok is partially hyperbolic. 

Definition 7. A unit u e Up is hyperbolic if none of its conjugates have unit 
modulus. F is hyperbolic if its only non-hyperbolic units are roots of unity. F is 
strictly hyperbolic if its normal closure, K , is hyperbolic. 

In other words, F is hyperbolic iff 

#UFr\S^<oo. (6.19) 

If F is hyperbolic, then Up acts on the torus Vf/^f as a group of Anosov au- 
tomorphisms; if F is strictly hyperbolic, then the 'closure' of Up , U^, acts on the 
torus Vk/Ok as a group of Anosov automorphisms. 

Strict hyperbolicity is a property of the normal closure K: K itself is strictly 
hyperbolic and so, therefore, are all its subfields. Examples of strictly hyperbolic 
number fields are legion; there also appear to be many hyperbolic but not strictly 
hyperbolic number fields. 

Examples. 

(1) F is totally real if all its conjugates are real. In this case, its normal closure is 
also totally real and so Uk H 5^ = {il}- Thus, all totally real number fields are 
strictly hyperbolic. 

(2) Let C be a p-th root of unity for some odd prime p. The field K ~ Q(C) has 
the totally real subfield F = Q(C + of index 2. The Dirichlet theorem on the 
group of units implies that Uf is of finite index in Uk- Since F is totally real, K is 
strictly hyperbolic. 

(3) More generally, let iiT/Q be a non-real, normal extension of Q. If K has a 
totally real subfield F of index 2, then, as above, iYi? is a finite-index subgroup of 
Uk, hence K is strictly hyperbolic. 

(4) A penultimate, concrete example: let F = Q(a) where a is the unique real 
root of p{x) = + ?>x — 1. The discriminant of p is d = —27 x 5, so 

which implies that F is not a normal extension of Q (p's roots are approximately 
0.3222, —0.1611 ± 1.7544-\/^, which also implies F cannot be normal). Therefore, 
the normal closure of F is a degree 6 extension K. The group U^ has rank 2 since 
K has no real embeddings, while a and one of its conjugates are multiplicatively 
independent units in U'^, neither of which lies on . This means that Uk H 
must be finite, so K and F are strictly hyperbolic. 

(5) Let us end with an example of a hyperbolic number field that is not strictly 
hyperbolic. Let a, 6, c be the roots of p{x) = x^ + 'ix — l where a is the real root as in 
the previous example. It is clear that |6| = \/^/a. Let E = Q(i/a), which is a real, 
degree 6 extension of Q and let E' = Q{Vb) and E" = Q{y/c) be the conjugates 
of E. It is claimed that E is hyperbolic, that is, if u e Ue has a conjugate v of 
unit modulus, then u = ±1. To verify this claim, let u £ E have a conjugate of 
unit modulus. Without loss of generality, this conjugate can be assumed to be 
some V G E' . Since b ^ c, one sees that v £ E" and that vv = \ implies that 
v,v £ E' r^ E". The field E' n E" is of degree 1,2,3 or 6. It cannot be 6, since 
E' ^ E" , so its degree is 1,2 or 3. The degree of E' D E" cannot be 3 so it must 
be 1 or 2. If the degree is 1, then the claim is proved; if the degree is 2, then w is a 
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unit in a complex quadratic number field, hence w is a root of unity. This implies 
that M is a root of unity in the real field E, hence u = ±1 as claimed. 

On the other hand, the normal closure L oi E contains y/a and b and therefore 
the unit modulus number 77 = b\/a. If 77 were an n-th root of unity, then 1 = 77^" = 
^4n^2n. |^^-(- ^ ^ .^^^ multiplicativcly independent in K ~ Q{a,b,c), so = 0. 
This shows that 77 e Ul H has infinite order and completes the proof that E is 
hyperbolic but not strictly hyperbolic. 

Let us turn to a theorem which demonstrates the importance of strictly hyper- 
bolic number fields. The choice of the set Bj? involves an arbitrariness which it has 
been possible to avoid up to this point. To work around this arbitrariness, let the 
map TT be extended to a map of Gf by 

ir(r)==7r(?) Vr ^ B^. (6.20) 

Theorem 6.11. If F is strictly hyperbolic, then there is a /3 ^ Aut(F/Q) such that 

(1) the induced maps Up/TZp — '^^I^f/T^f coincide; 

(2) ir(r) = Vt e G^; 

(3) / = where Rp : Yf — ^ Vi? is the linear transformation induced 
by precomposition with /3 G Aut(_F/Q). 

Recall that is the set of units in Uf all of whose conjugate lie on S^. HE is 
strictly hyperbolic, then TZp = Uf H S^. 

Proof. For the purposes of this proof, it is convenient to extend a G Aut{Up) to an 
automorphism otUp = Up (BTZf extending a as the identity ouTZf- The choice 
of extension of a is immaterial. The extension of a permits the extension of the 
homomorphism C.^- (Lemma 16. 10[) . too. Since F is strictly hyperbolic, all conjugates 
of Uf n lie in S^. Since a maps Uf H to itself, this implies that the extended 
homomorphism maps Uf into S^. 

Let Up = HreBj? kerCr- Since Uk H is finite, kerC^r is a finite- index subgroup 
of Up for all t; thus Up is a finite- index subgroup. Lemma 16.101 1 implies that 

yueUp,TeBF: a{a{u)) ^ t{u) where •7r(T) = ct. (6.21) 

This implies that cr{Up) C t{Uf)] and since cr, r are injective, the group (j{Up) is a 
finite-index subgroup of t{Uf)- Therefore, t{F) n cr{E) contains elements that are 
of degree deg F. Thus, the two fields coincide: 

VtgBf: t{F) = (t{E) where 7r(T) = cr. (6.22) 

Fix (T, r G Gf with 7r(T) = a and define 

I3„ cr-^or. (6.23) 

Then, I3a\yi = a\yi and (i^ G Aut(F/Q). Because Up is a finite-index subgroup 
of Up it contains elements of degree deg F. It is clear that two automorphisms of 
F/Q which coincide on an element of degree deg F, coincide on F. Therefore, there 
is a single /3 G Aut(F/Q) such that l^a = P for aU a. 

Moreover, from (j6.22p and the remarks in the first paragraph, one knows that 
Co- maps Uf into Up n . Consequently, a^^oC,^ maps Up into Up n . Since 

a{u) = (j-^ {Ca{u)) ■ I3{u) yueUp, (6.24) 

one sees that the invariance of under embeddings of F implies that the induced 
maps Up /Up n — "^^Up/Up n are equal. Since Up is a non-canonical hft- 

ing of Up /Up n 5*^ to Up , one may declare that a ~ P\n+- 
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Finally, equation (|6.23p implies that 

VtgBf: 7r(T)=o- ^ <7 = Tof3-\ (6.25) 

Therefore, the way in which tt is extended to Gp shows that 7r(r) = Tof3~^ for all 
T G Gf- This proves the theorem. □ 

6.5. Topological conjugacy classes. The results of the previous section afford 
the opportunity to classify the Hamiltonian flows of the Bogoyavlcnskij-Toda-type 
Hamiltonians (eauation l3.16p up to topological conjugacy — at least in some situ- 
ations. 

Standing Hypothesis: For the remainder of section [SI unless explicitly stated 
otherwise, it is assumed that is a strictly hyperbolic number field. 

6.5.1. Root bases and Dynkin Diagrams. Recall that for each root basis there is a 
labelled graph r(^'), called the Dynkin diagram, whose vertices are the points of 
A pair of distinct vertices r, s have 4((r, s)) /|rp|sp edges connecting them, and if 
|r| > \s\ then there is an arrow pointing from r to s. The vertex r has the label ujr- 
The Coxeter diagram is obtained from the Dynkin diagram by erasing the labels and 

(2) 

arrows. If is a root system other than ; then one says that a permutation 
p € ^S'(^I') is an automorphism of the Dynkin diagram r(^') iff the permutation 
leaves the Dynkin diagram unchanged with the exception of the numbering of the 
roots. Aut(r(*)) is the automorphism group of r(\['). Note that p G Aut(r(vl/)) 

iff ujr = ^p(r) ^iid ((r, s)) = p{s))) foi' all r, s G ^. For the root system A^^^ ^ 

one defines the automorphism group, Aut(r(^2ra))i to ^e the group generated by 
the permutation that maps rj — > r„+2_j for all j (see figures [HHS]) . 

In the above discussion, one sees that the Cartan-Killing form must be nor- 

(2) 

malised. We adopt the following normalisation: the shortest roots of and 
have length l/\/2; all other root systems' shortest roots have unit length. 
This normalisation implies that the longest root(s) of G^^ and £'4'^^ have length 
•\/3, while all other root systems' longest roots have length V2. 

Proposition 6.1. Assume that F/Q is strictly hyperbolic and #Bi? > 2. Let 
Pi € Si ~ S(Bi?,'$'i) be bijections and let be defined by Equation \ 3.16\ with 
Hamiltonian flow 93*. // there is an energy-preserving conjugacy of ip^ with ip^ , 
then p ( equation \ 6. 7\ l induces v : ^2 '^'i which is an isomorphism of Coxeter 
diagrams. Thus, 

Case A: ^ 4'„\ ^i+i}. then 

(a) *i = *2; 

(b) the constants c\ ~ C2 in the definition of ftheorem \3.2\) : 

(c) f e Aut(r(*)). 

Case B: if^i g 4'„\ ^i+i}.- then 

(a) *2g{c«,4'\^Si}; 

(b) the constants ci and C2 in the definition of^i (theorem \3.S^) are related 
by the following diagram: 

xl 




where the factor * 
yields C2 = ci x *. 
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(c) = *2, then v e Aut(r(«')). 

Proof. From equation (|6.15p and corollary 16.41 one knows that /i in equation (|6.7p 

maps a root in f)2 to a non-zero multiple of a root in f)|. Let v denote the induced 

bijection 'i'2 — J- 'i'l. Since ^ maps r G to a scalar multiple of the root ;/(r) G ^1, 

one can write /i(r) = ari'{r) for some coefficients a^. 

To determine the coefficients a^, note that ^^(t) = n^^LOnri where Piir) = r^. 

One computes that 

^2 1 
/i(r) = — X (/)io/*o0r (r) by definition of /i, 

Cl 

= — X — X 0io/*('r) where P2{t) = r, 

Cl 

= — X — X 01 (ct) where 71^ a — rir f*T, 

Cl 

= — X —ililll X i^(r) where piicr) = s,(/'i((t) = — -s and i/(r) = s. 

Cl UJr 7lcr 

Therefore, since p. is an isometry 

((r,g))2 ^ f-) X '^'-M "^'-(-) X (Mr),K,s)))i V7vse*2. (6.26) 

\Ci/ WrWs 

This implies that the Coxeter diagrams of and '^'2 are isomorphic. Inspection 
of figures [HHl] shows that {'J'i,'$'2} is contained in one of the following sets: 

/^(i) ^(2) -I r^(i) ^(2) (2) -1 

^ J n— 6,7,8 ^ -* 

Case A. Suppose that we are in one of the cases covered by the first two columns of 
(|6.27p . Note that since Ci G N, one obtains that 

M2 _C2^u^^^ ^^^^^^ (g28) 



|j/(r)|i Cl UJr 

The possible ratios of root lengths is 1, a/2 and VS or ratios of the these 
three numbers. Therefore, the ratios are always 1. This proves that is 
itself an isometry. Therefore '^i = '^2- 

To prove that ci = C2, note that since is a permutation of it has 
finite order. If r G ^ is a fixed point of i''' for some fc > 1, then equation 
16.281 implies that 

^ ^ /C2\ \ ^ ^ ^ ^ , , , ^ ^.Hr) (g 
\Cl J i^v{r) Wi/'=-i(r) 

fc 

SO 1 = ( ^ ' 



Case B. In this case, following equation (|6.28p . the rational ratios that are possible 
are 1, 2 or 1/2. A simple check shows that the natural Coxeter isomorphisms 
&n'^ A^^l, A^^l D^^l^ and I?i^|i ^ c4^^ satisfy this constraint with 
C2/C1 equal to 1, 1/2 and 2 respectively (see figure [31). These Coxeter 
isomorphisms are unique up to the action of the automorphism groups. 
If ^1 = ^2, then these considerations imply that is a Dynkin diagram 
automorphism and C2 = ci. 

□ 
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,(2) 
^2n I 



Figure 3. The natural Coxeter isomorphisms v ■.'^2 ^^i- 



Remark 6.3. In [TTJ Lemma 24] there is a simpler version of theorem 16.11 It is 
assumed there that ^ for both i and C2 = ci. In this case, v must be an 
automorphism of the Dynkin diagram. 



7. Topological Entropy 

In the proof of the complete integrability, Theorem l4.1[ one sees that the singular 
set of the algebra L + R is the union of L^^(IH^) and 3 = k~^(0). Theorem 15.11 
shows that the non-wandering set of the Hamiltonian flow ip of H, restricted to the 
invariant set 3 = (V^ ) , is V-'- . What happens on the other part of the singular 
set, L-\<H=)? 

7.1. The A\1^ latt ice. Thanks to the work of Foxman and Robbins [UlIU], this 
question is answerable for the An^ lattice. 

Theorem 7.1. Let "9 = A^n^ and H be a Bogoyavlenskij-Toda-like Hamiltonian 
defined in equation \3.1b\ Then L~^(*H'^) is stratified by symplectic manifolds that 
are invariant under the Hamiltonian flow of H. Moreover, H restricted to each 
stratum is completely integrable. 

Proof. Let h = 2Ke {c+^+C*^_l) be the Cartan-Killing form, so that U = L*h 
(equation 13.161) . Foxman and Robbins |15l I16j proved that h admits action-angle 
variables with singularities, which means that for each point p e c + £q there 
are coordinates {x,y,u,v) on a neighbourhood oi p in Op such that the canonical 
symplectic form on Op and h take the form 

k n 

dxi A dyi + dui A dwi, h = h{x, p) 

i=l i=k+l 

Pi = + vf , i = k + 1, . . .n, 

where fc = 0, . . . , n is the co-rank of the singularity (and if k — n, then there is 
no singularity). The set p = is an invariant symplectic submanifold and h is 
completely integrable on this submanifold. 

Let Xfc C e -t- £q + be one of these symplectic sub-manifolds of dimension 
2k and co-dimension 21 where n = k + I. Let Yk = L~^(Xfc). 

Because L|k~^(R — 0) is a submersion onto e + £q + C^i, Yk is a submanifold 
of T*S of co-dimension 21. Moreover, since L is a Poisson submersion, Yk is also a 
symplectic submanifold. Since Xk is invariant under the hamiltonian flow of h, Yk 
is similarly invariant. 

From the above description of the singular action-angle variables, the algebra 
L\Yk is equal to L,* Z°°{C*)\Xk, which contains k functionally independent elements. 
On the other hand, the algebra R\Yk contains dim V^; functionally independent ele- 
ments. Therefore, in total, there are fc-fdimVe functionally independent integrals 
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of H at each point of Yfc. Since dim ~ 2{k + dimV^;), this proves the complete 
integrability of H|Yfc, which proves the theorem. □ 

Remark 7.1. It is clear from the proof that H|it is completely integrable with 
singular action-angle variables. This is the mildest kind of singularity that a com- 
pletely integrable may have. It is a stark contrast with the sort of singularity that 
develops along 3 = k^^(O). 

It is natural to conjecture that the Foxman-Robbins theorem is true for all 
Bogoyavlenskij-Toda lattices. 

Corollary 7.2. Let "9 ~ An"^ andH be a Toda-like hamiltonian defined in equation 
\3.1b\ The topological entropy of ipi\R~^ {^) , the time-1 map of the hamiltonian flow 
of H, equals 



h,o, = 1^ X Jfloor ( !1±1 ) (7.1) 



c 

where n = dimVo.F md c G as in theorem 

Proof. Since ip admits singular action-angle variables on k^^(M — 0), we see that 
the topological entropy of (p is generated entirely in k^^(O) = W^(V^). The non- 
wandering set of ip\W^ (V-^) is V-*- by theorem 15. II Thus 



htop{v\li-\^)) ^ htop{v\Vi) = i^-^ X ^floor (^-^^ by tableEl (7.2) 

□ 

7.2. The remaining Bogoyavlenskij-Toda lattices. As in [TTl Section 3], the 
universal covering space E = x Vo,f admits the structure of a solvable Lie group. 
The element v € Yo,f acts by right translation by the one-parameter subgroup 

rt{y,x) = {y + t-v,x). (7.3) 
This flow descends to a flow (j)^ on S. As in [11] Lemma 12], 

htopir) = [E:F]x J2 {t,v)+ (7.4) 

where u'^ ~ max{w, 0}. 

Let H be defined by equation p.l6p and let 

V^ = v^nH-i(i) (7.5) 

where is defined in section [S] If w = Q • X with X G V* ^, and (Q • X, X) = 1, 
then A • (y, x, 0, X) e Vj^. The topological entropy of the Hamiltonian flow ip oiH 
is therefore equal to 

X htop{p\vi) 

= max rir {t,Q-X)^ 

X:{QX,X) = 1 f-' 



x-(^x^x)=i 



max — X (r, s)^ where 0p(t) = — —r, s = 0n(X) 

((s.s)) = l ^—i C rirC 

(7.6) 



s£h:{(s.s)) ^ 

re* 



= c ^ y. max 
/c* 



y^ LOr r 
rG/ 



ENTROPY AND TODA LATTICES 



39 



The right-hand side of 17.61 is computed in [TTl Lemma 13 and Theorem 3]. These 
results are summarised in table [5l 



htop{^\Vi) = h^^-£^ 





h 


* 








G«, {n = 2) 
Ft\ (n = 4) 
Ci^\ n>2 


2^/n - 1 
2^/3 
2V6 
V2n 


41i, n > 3 
, (n = 2) 
, (n^4) 


^2{n - 1) 
2 

2V3 
2^Ai 






E'i\ in = 6) 
AiP, n>2 


2V3 


(n = 7) 

-Dn \ n > 4 


2V6 


Ei'\ (n = 8) 

= 


2VlE 
V2 


^floor (H±i) 


y2(n - 2) 



Tables. Entropies of the Bogoyavlcnskij-Toda-likc systems. The 
root systems in the first 4 rows have isomorphic Coxcter graphs; 
the root systems in the last 2 rows have unique Coxeter graphs. 
n = dim Vo,_F. 



Table [5] permits one to give lower bounds on the number of Bogoyavlenskij-Toda- 
like systems which are not energy-preserving topologically conjugate. 

Proposition 7.1. For each n > 2, table\^ displays Bogoyavlenskij-Toda-like sys- 
tems, defined in i3.16]) . that are not topologically conjugate via an energy-preserving 
conjugacy. 



2 
3 
4 
5 
6 
7 



RootSystems 



> 9 even 

> 9 odd 



(1 

2 

(1 
3 

(1 
^8 



B^' 

Bn 



4(2) 

,0^2 1^2-2 

4(2) 4(2) 
' ^2-3' ^2-3-1 

4(2) 4(2) 
' ^2-4' ^2-4-1 



(1) n(i) 



.(2) 4(2) 
^2-5' ^2-5-1 



A 

6 ' ^ 



(2) .(2) 
2-6' ^2-6-1 



(1) 



^7 I ^2-7' ^2-7-1 

r'(i) n(i) 4(2) 



,(2) 
^2-7- 
1(2) 



n(i) /i(2) 4(2) 



Total 



(1) 



^(1) 



1(2) 

^2n- 



4 

4 

4 
6 
5 
6 
6 
5 
6 



^2-n- 
l(2) 

^2 ni ^"^2 n-l 

Table 6. Minimal number of Bogoyavlenskij-Toda-like systems 
that are not iso-encrgetically topologically conjugate. 



Proof. Use table [5] to determine a list of root systems the ratio of whose entropies 
do not lie in ^Z. Note that this list is not unique. □ 

7.3. Summary. If the results from tablelHlare combined with proposition 16. 11 one 
obtains the much stronger result: 
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Theorem 7.3. Let F/Q be a strictly hyperbolic number field with n + 1 = t^B^? > 
2. The number of iso-energetic topological conjugacy classes of Hamiltonian flows 
constructed from Equation i3.16\) is at least 

J2 # (Aut(r(*))\»(*)/Aut(i^/Q)) . (7.7) 

rank "^—71 

(2) 

where we sum over all rank n root systems except -D„_|_i. 



Proof. By ProDOsitioii l6.1l wc know that if the Bogoyavlcnskij-Toda-hke Hamihon- 
ian flows are conjugate by an energy-preserving conjugacy, then there are two 
possibilities 

Case A. The root systems coincide, ci = C2 and the map v — fi is an automorphism 
of r('S'). The definition of fi (eauation 16.71 and suvra \6l2E^ implies that the 
maps (f>i , (f>2 are related by 

= /X • 02 • i?; /? e Aut(F/Q) (7.8) 

where theorem 16.111 is used. Conversely, given any 02 , a 0i defined as in 
equation (j7.8p is induced by a bijection pi £ *B. 
Case B. The two root systems differ, as in Case B of Proposition lOl The topological 
entropy of (/s'lVj*- H Hi(i) is an invariant of energy-preserving conjugacy 
by Lemma 16.21 Table [5] implies that the root systems must therefore be 
{*i,*2} = {4^„\£'i+i} or \^dn\Dl^l^y Since the sum (HZD counts 
the conjugacy classes from only one of these two root systems, there is no 
double counting. This proves the theorem. 

□ 

Remark 7.2. In [TTl Example 3, p. 541], the case where F ^ E = Q{a), with a 
a root of the cubic — Ax + 2, was considered (c./. example 14.1.11 supra ). F is a 
cubic, totally-real, non-normal extension of Q. Thus, Aut(_F/Q) is trivial and F is 
strictly hyperbolic. If one sums over the rank 2 root systems and divides out by 
the order of their automorphism groups, then Theorem 17.31 implies that there are 
at least 

1-^3 + 6 + 3 + 6 = 19 (summing over 4^\c^^\G'^^\A^^^,i:'f') (7.9) 

iso-energetic topological conjugacy classes. In [TTl theorem 8], the lower bound of 10 
was conjecturedQ This lower bound depended on Gel'fond's conjecture concerning 
the algebraic independence of rationally-independent sets of logarithms of algebraic 
numbers. The results of the present paper, using dynamical systems theory, has 
proven this lower bound. 

In a similar vein, if F = E' is a totally real quartic field with Aut(F/Q) = 1, 
then one has at least 

3 + 4 X 12 51 (summing over A'-^^\ B^^\ C^^\ A^^-h ^2-l-i) (7-10) 
iso-energetic topological conjugacy classes. 

Remark 7.3. Theorem 17.31 provides a means to compute a lower bound on the 
number of iso-energetic topological conjugacy classes when Aut(F/Q) is non-trivial, 
too. Both ^ and Bi? are unnaturally isomorphic to the set {1, . . . , n + 1}. Theorem 
16.111 part 2, shows that the representation of Aut(F/Q) in the group of permuta- 
tions of Bi?, S(Bf), is the natural right regular representation (one should view 
Bi? = Gp/i' ^ "))■ By definition, the automorphism group of the Dynkin diagram 
is a subgroup of the group of permutations of the roots, S{'9). Therefore, the 



^Inexplicably, only the first three root systems are included in that sum, so the conjectural 
lower bound ought to be 19. 
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unnatural isomorphisms of ^ and B^? with {1, . . . , ?i + 1} identify the set of bijec- 
tions with the symmetric group of {1, . . . ,n + 1}, 5,1+1, with the resulting 

equivariant diagram (where left/right arrows denote the standard left (resp. right) 
actions) 

Aut(r(*))C ^ SC^) ^ »(*) S{Bf) ^ >Aut(F/Q) (7.11) 



G'^ ^ <5'„+i — ^— ^ Sn+l < Sn+1 ^ ''H. 

This implies that #(G\5„+i/i/) equals #(Aut(r(*))\«8(*)/Aut(F/Q)). TablcH 
shows the cardinality of each of these sets for n < 9. The table is computed by 
a C++ program written by the author; the computations were checked using the 
GAP software package [18]. The source code and instructions are freely available 
from the author's web-page. 

Table 7. The minimum number of iso-energetic topological con- 
jugacy classes of Bogoyavlenskij-Toda-like systems. The Total col- 
umn is based on Theorem 17.31 and Tables [HHn] of Coxeter graph 
automorphism groups. 

Zn = Z/nZ, D„ = the dihedral group of order 2n, Q = the quaternion 
group of order 8. 



rank 




# (Aut(r(*))\'B('S')/Aut(F/Q)) . 






Galois grp 


Root systems (grouped with isomorphic 


Coxeter diagrams) 


Total 


rank = 2 














Aut(f^/Q) 




^(1) //l(2)/r)(2) 








Total 


1 


1 


3x2 


6x2 






19 


Z3 


1 


1x2 


2x2 






7 


rank = 3 














Aut(F/Q) 


Ai) 


^(1) /4(2)/r)(2) 

•-^3 /^2-3/-^3+l 


M V^2-3-l 






Total 


1 


3 


12 X 2 


12 X 2 






51 




3 


6x2 


3x2 






21 


Z4 


2 


4x2 


3x2 






16 


rank = 4 














Aut(f^/Q) 






r(1) /4(2) 
^4 /^2-4-l 


^(1) 




Total 


1 


12 


60 x 2 


60 X 2 


5 


120 X 2 


497 


Z5 


4 


12 x 2 


12 X 2 


1 


24 X 2 


101 


rank = 5 














Aut(F/Q) 


.(1) 

^6 


^(l)/4(2)/r)(2) 


/ .(2) 
-°6 /^2-6-l 


^(1) 




Total 


1 


60 


360 X 2 


360 X 2 


90 




1590 


Ze 


14 


64 X 2 


60 X 2 


17 




279 


^3 


19 


72 X 2 


60 X 2 


21 




304 


rank = 6 














Aut(f^/Q) 


^6 


^(1) /4(2)/r)(2) 

•-^6 /^2-6/-^6+l 


r(1) / .(2) 


^(1) 




Total 


1 


360 


2 520 X 2 


2 520 X 2 


630 


840 


11910 


Z7 


54 


360 X 2 


360 X 2 


90 


120 


1704 


rank = 7 














Aut(F/Q) 




^(1) /4(2)/r)(2) 


-^7 V^2-7-l 






Total 


continued next page 
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TabJe[3 continued from previous page 


1 


z t)/U 


on 1 w o 
zU iOU X z 


on 1 ^?n 
zU ioU X z 


U4U 


on 1 fin 
zU iOU 


iUo oDU 




OOZ 


z i344 X z 


c:on o 
z <3zU X z 


D4z 


z OzU 


io Dzz 




420 


2 688 X 2 


2 520 X 2 


714 


2 520 


14 070 




362 


2 592 X 2 


2 520 X 2 


666 


2 520 


13 772 




333 


2 544 X 2 


2 520 X 2 


642 


2 520 


13 623 




391 


2 640 X 2 


2 520 X 2 


690 


2 520 


13 921 


rank = 8 














Aut(i^/Q) 


.(1) 

^8 






^(1) 

-^8 


^(1) 

-^8 


Total 


1 


20160 


181440 X 2 


181440 X 2 


45 360 


362 880 


1 154160 


Zg 


2 246 


20 160 X 2 


20160 X 2 


5 040 


40 320 


128 246 




2 256 


20160 X 2 


20 160 X 2 


5 040 


40 320 


128 256 


rank = 9 














Aut(i^/Q) 


Ail) 
^9 


(^(1) /4(2)/r)(2) 
'-'g /^2-g/-'^g+i 


^g V^2-g-i 


^(1) 




Total 


1 


181 440 


1814 400 X 2 


1814400 X 2 


453 600 




7 892 640 


Zio 


18 264 


181632 X 2 


181440 X 2 


45 456 




789 864 




18 724 


182 400 X 2 


181440 X 2 


45 840 




792 244 



8. Conclusion 

The current paper shows that there is a rich family of completely integrable 
Hamiltonian systems to be found on the cotangent bundles of compact 2-step Sol- 
manifolds. In addition to the questions in the introduction, let us mention the 
following question which arises from lemma 16.101 and theorem 16.111 

Question F. Let F be a number field that is not strictly hyperbolic. Assume that 
there is an automorphism a of lAp and a permutation it of Gp such that 

Vu e Upj Vt G Gp : \T{a{u))\ ~ \o'{u)\ where ^{t) = a, and (8-1) 

Vr e Gp : ir(f) = ir{T) 

Is it true that there is an automorphism /? of F/Q such that a ~ Plup'^ other 
words, is it true that ClreGp kcr^,- is always a finite-index subgroup of Up ? 

It appears the likely that the answer is yes. To explain: If Ui is a basis of lip 
and a G Aut{UF), then a{ui) = x JJ. for some integer matrix A — [aji] that 
is invertible over the integers, and some root of unity ei G Up. From the condition 
(|8.ip , one knows that the system of linear equations 



^Oji ln\Tra{ui)\ = ln|o-(ui)| 



(8.2) 



is satisfied for all j ~ l,...,#Bi? — 1 and cmbcddings a G Bj?. For a fixed 
permutation tt, one can treat (j8.2[l as a linear system that determines A. If there 
is an integer solution, then this determines an automorphism a; if not, then there 
is no such automorphism. 

Salem number fields are good candidates to investigate question |F] because 
these number fields have many infinite order units of modulus one. By means 
of Maxima [24j . it has been numerically verified that the answer to the refined ques- 
tion is yes for the 13 lowest degree number fields generated by the 'small' Salem 
numbers hsted by [Mossinghoff based on [8l Table 1] and [251 Table 1]. 
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. 1 • T^- root number , ^ , . 

Root Dynkm Diagram ^ Automorpnism 

System weight Group 

1 1 n + l 

1 

1 2 n — n 

An ^ ^ ^ ^ Y (rt > 2) 

1 

^^^^ 2 ri — Iv n 

+ 2 2^2 

Z2 (n>3) 

n+l 1 71— l>n 

^""7^ f \ f Z2 (n>2) 

1 n- 1 

"ri^ ' ^ 54 (n = 4) 

1 1 Zi (n>4) 

^a) 5 1 2 ^3 4 ^ 

7 

fl 

2| 

|2 

^^'^ 1 2 3 2 1 

2 

^ 1 2 3 4 3 2 1 ^2 

2 

'^s^ 2 4 6 5.4.3.2 1 ^ 

Table 8. Root systems, their Dynkin diagrams and automor- 
phism groups. Symmetries are indicated by arrows. Dn is the 
symmetry group of a regular 71-gon. 
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Root Dynkin Diagram 
System 



root number 
weight 



Automorphism 
Group 



A 



A 



A. 



D 



E. 



D 



2 ^ ■ i:^ ■ 1 

1 ^2 

1.2 n yU+l 

(2) ^^S^^Z^^^h ■■■■■■■ "^^C^^ZI^^fe 

2n ^2 ^2 ^2 (see text, 

n > 2) 

1 

n-l 

_ 

^li T ^2 (n>3) 

2 / j n ^ 1 

Table 9. Root systems, their Dynkin diagrams and automor- 

(2') (2\ 

phism groups. The shortest roots of D\j^^ and have length 
l/-\/2; all other root systems' shortest roots have unit length. The 
longest root(s) of Gj^' and of^ have length \/3; all other root 
systems' longest roots have length \/2. 
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